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Preliminaries

Dixmier-Douady theory asserts that isomorphism classes of
locally trivial algebra bundles KP with fiber the algebra of
compact operators K and structure group PU = U/T over a
manifold X are in bijective correspondence with H3(X , Z).
Moreover since K ⊗K ∼= K, such algebra bundles form a group
the infinite Brauer group, Br(X ) (isomorphic to H3(X , Z).)
This is proved by noticing that U is contactible in the weak
operator topology so PU is a BT = K (Z, 2) since T = K (Z, 1).
Therefore BPU = K (Z, 3). Therefore principal PU bundles P
are classified up to isomorphism by

[X , BPU] = [X , K (Z, 3)] = H3(X , Z).

Then the associated bundle KP = (P ×K)/PU and
H = DD(KP) ∈ H3(X , Z) is its Dixmier-Douady invariant.



Preliminaries
Decomposable nontorsion example & the Heisenberg group.
α ∈ H1(X , Z) can be viewed as a character χα : π1(X ) → Z
with associated principal Z-covering space Z → X̂ → X .

Similarly, β ∈ H2(X , Z) can be viewed as the 1st Chern class of
a principal circle bundle U(1) → P → X .

Then π : P ×X X̂ → X is a principal U(1)× Z-bundle over X
with DD invariant α ∪ β. Here the central extension of U(1)× Z
is the Heisenberg group H in this context, i.e. the central
extension,

1 → U(1) → H → U(1)× Z → 1.

where H = U(1)× Z× U(1) with product given by

(s, χm, z1)(t , χn, z2) = (st , χm+n, snz1z2).



Preliminaries

Now (γ′, n) ∈ U(1)× Z acts projectively on L2(U(1)),

(σ(γ′, n)f )(γ) = γnf (γγ′),

Since σ(γ1, n1)σ(γ1, n1) = γn2
1 σ(γ1γ2, n1 + n2), this is a

projective action, i.e. σ : U(1)× Z → PU(L2(U(1))) is a
homomorphism.
Equivalently, σ is a representation of the Heisenberg group H in
this context.

So P ×X X̂ ×σ PU(L2(U(1)) is a principal PU(L2(U(1))-bundle
over X with DD invariant α ∪ β.

The associated bundle of compact operators over X is
P ×X X̂ ×Ad(σ) K(L2(U(1)) with DD invariant α ∪ β.



Preliminaries

Twisted K-theory. Twisted K-theory was defined by J.
Rosenberg as the K-theory of the C∗-algebra of continuous
sections, C(X ,KP) - we will also denote this algebra by
CT (X , H), where H = DD(KP).

Twisted K-theory will be denoted by K •(X , H).

It is a module over K 0(X ) and possesses many nice functorial
properties.

CT (X , H) is the noncommutative spacetime algebra in the
presence of an H-flux. That is, fields and charges in an H-flux
lie in the K-theory of CT (X , H), ie in K •(X , H).



Preliminaries on C∗-algebras

Let A be a C∗-algebra, and α an action of a locally compact
group G on A. Then the crossed product A oα G is the norm
completion of Cc(G, A) with product given by the twisted
convolution product

f1 ? f2(g) =

∫
G

f1(h)αh(f2(h−1g))dh

If G is abelian, then on the crossed product A oα G, there is an
action α̂ of the Pontryagin dual group Ĝ given by multiplication
by Ĝ on functions on G, with formal relations:-

γ.a = a.γ, γ.g.γ−1 = 〈γ, g〉g for all γ ∈ Ĝ, g ∈ G, a ∈ A.



3 basic principles from C∗-algebras

1 Let G be a locally compact group and K , H are normal
subgroups of G. Then the Rieffel-Green theorem states
that the following algebras are Morita equivalent.

C(K\G) o H, and C(G/H) o K

2 If G is a vector group acting on A, then
Connes-Thom isomorphism theorem states that

K •(A o G) ∼= K •+r (A),

where r = dim(G).

3 If G is an abelian group acting on A, then Takai duality
says that there is a canonical isomorphism,

A oα G oα̂ Ĝ ∼= A⊗K.



Rephrasing T-duality in terms of NCG

1 C(M × Rn/Zn) o Rn and C(M × Rn\Rn) o Zn are strongly
Morita equivalent, by the Rieffel-Green theorem.
But C(M × Rn\Rn) o Zn = C(M)⊗ C∗(Zn), is isomorphic to
C(M)⊗ C(T̂n) = C(M × T̂n) by the Fourier transform.

2 Kj(C(M × Rn/Zn) o Rn) and Kj+n(C(M × Rn/Zn))

are isomorphic as a consequence of the
Connes-Thom isomorphism theorem.

3 C(M × Rn/Zn) o Rn o R̂n and C(M × Rn/Zn) are strongly
Morita equivalent, by Takai duality.



Abstracting T-duality in terms of NCG

Let A belong to some class C of C∗-algebras, and A → T(A) be
a covariant functor on C satisfying the following properties:

1 (A, T(A)) are KK -equivalent.

2 (A, T(T(A))) are Morita equivalent.

Then we call T(A) an abstract T-dual of A.

eg. Let A be a G-C∗-algebra, where G = Rn. Set T(A) = A o G.
Then T(A) is an abstract T-dual of A.



The case of circle bundles

Let
T −−−−→ E

p
y
M

be a principal circle bundle and H ∈ Ω3
Z(E).

Then there is a continuous trace C∗-algebra CT (E , H) with
spectrum equal to E and Dixmier-Douady invariant equal to
[H] ∈ H3(E , Z).

Using a connection on the associated principal PU bundle, the
R action on E lifts to an R action on CT (E , H) (uniquely up to
exterior equivalence, cf. Raeburn-Rosenberg), and one has a
commutative diagram,
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spec(CT (E , H))/R

spec(CT (E , H) o R)

π̂����
��

��
��

(1)

Raeburn-Rosenberg show that the C∗-algebras CT (E , H) o Z
and CT (E , H) o R are also continuous trace C∗-algebras with,

spec(CT (E , H) o R) = Ê , which is a circle bundle over
M = spec(CT (E , H))/R, such that c1(Ê) = π∗[H] and the
Dixmier-Douady invariant of CT (E , H) o R is [Ĥ] ∈ H3(Ê , Z),
such that c1(E) = π̂∗[Ĥ],

and spec(CT (E , H) o Z) = E ×M Ê the correspondence space.



The case of principal T2-bundles

In [MR], we investigated the general case where E is an
oriented T2-bundle over M,

T2 −−−−→ E

π

y
M

(2)

which is classified by its first Chern class, c1(E) ∈ H2(M, Z2).

We again assume that E comes with an H-flux H ∈ H3(E , Z).

However, in this case, the T-dual of E is not in general another
oriented T2-bundle over M!



A famous example of a principal torus bundle with non
T-dualizable H-flux is provided by

T2 −−−−→ T3

p
y
T

(3)

with H-flux H = kvol ∈ H3(T3, Z), k 6= 0.

Since p∗[H] = [
∫

T H] 6= 0, H is not T-dualizable in the classical
sense as there are no non-trivial principal T2-bundles over T,
since H2(T, Z2) = 0, that is, there is no way to dualize the
H-flux by a (principal) torus bundle over T.



Alternately, classical T-duality is the situation exactly when
iterated T-duality for circle bundles works.
Applying this here, we first calculate the T-dual of the (trivial)
circle bundle T2 × T with H-flux H = kvol ∈ H3(T3, Z). The
T-dual is described explicitly as follows. Consider the lattice

HZ(k) =


1 x 1

k z
0 1 y
0 0 1

 : x , y , z ∈ Z

 ,

in the 3D Heisenberg group HR. Then the T-dual is HR/HZ(k)

with zero H-flux. It is a principal circle bundle over T2 with
Chern class k . N.B. The 2nd circle has disappeared!!

Our proposal of the T-dual using NCG in [MR], when applied to
this case yields a continuous field of stabilized
noncommutative tori fibered over T.



Noncommutative torus

For each θ ∈ [0, 1] = R/Z, the noncommutative torus Aθ is
defined abstractly as the C∗-algebra generated by two unitaries
U and V in an infinite dimensional Hilbert space satisfying the
relation UV = exp(2πiθ)VU.

Elements in Aθ can be represented by infinite power series

f =
∑

(m,n)∈Z2

a(n,m) UmV n, a(n,m) ∈ C (4)

For each θ ∈ [0, 1], the noncommutative torus Aθ is Morita
equivalent to the foliation algebra associated to the
Kronecker foliation on T2 defined by the differential equation
dx = θ dy on T2.



Noncommutative torus

- For each θ ∈ [0, 1], the noncommutative torus Aθ can also be
realized as the crossed product C(T) oθ Z, where the generator
of Z acts on T by rotation by the angle 2πθ.

- When θ is rational, Aθ is Morita equivalent to C(T2).

- However, when θ is irrational, Aθ is simple with spectrum
consisting of a single point, ie it is seriously noncommutative.

- Because of the realization of Aθ as a crossed product by
rotation by 2πθ, the algebra in this case is also often called an
irrational rotation algebra.



Noncommutative torus
Let C(T2,K) be the algebra of compact operator valued
continuous functions on T2.

Consider the crossed product algebra, C(T2,K) o R2, where
the action of R2 on C(T2,K) is such that it lifts the usual action
of R2 on T2. This is isomorphic to the double crossed product,

C(T2,K) o R2 ∼= (C(T2,K) o Z2) o T2

where Z2 acts trivially on T2 and so just acts on the fibre K.
But any such action is determined by T-valued 2-cocycle on Z2

(which can be identified with an element θ ∈ R/Z), so that
C(T2,K) o Z2 is just C(T2)⊗ Aθ ⊗K.
-Therefore

C(T2,K) o R2 ∼= Aθ ⊗K.



Theorem (Rank 2 bundles) Let π : E → M be a principal
T2-bundle and H ∈ H3(E , Z) an H-flux on E .
1. [BHM] If π∗H = 0 ∈ H1(M, Z), then there is a uniquely
determined classical T-dual to (π, H), consisting of
π# : E# → M, which is a another principal T2-bundle over Z ,
and H# ∈ H3(E#, Z), the “T-dual H-flux” on E#. T-dualizing a
circle at a time works - the picture is exactly as in the case of
circle bundles.

E ×M E#

p∗(p#)
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2. [MR] If π∗H 6= 0 ∈ H1(M, Z) = [M, T], then a classical T-dual
as above does not exist, i.e., T-dualizing a circle at a time does
not work. In this case however, there is a “nonclassical” T-dual
which is a continuous field of noncommutative tori over M
whose fibre over m ∈ M is Af (m), where f : M → T is a
continuous function, whose homotopy class is equal to π∗H It is
not unique, but the non-uniqueness does not affect its K -theory.
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Z
z
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A
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The central mathematical theorem proved in [MR] is that for
T2-torus bundles, the R2 action on E lifts to a R2 action on
CT (E , H), where CT (E , H) is the algebra of sections of a
bundle of compact operators with Dixmier-Douady invariant
equal to H.

Then the T-dual of (E , H) is defined to be the crossed product
CT (E , H) o R2. It has an action of the dual group R̂2 and
Takai duality asserts the Morita equivalence

CT (E , H) ⇐⇒ CT (E , H) o R2 o R̂2

The implication is that T-duality, when applied twice, returns us
to a physically equivalent algebra.



The R2 action on CT (E , H) is fibrewise, and if we restrict to a
fibre, this algebra is just C(T2,K), and the crossed product with
R2, C(T2,K) o R2 was argued earlier to be a stabilized
noncommutative torus, Aθ ⊗K.

We have the isomorphism of K-theories

T! : K •(E , H)
∼=−→ K•(CT (E , δ) o R2)

which is Connes Thom isomorphism theorem, giving the So
the fields and charges of the noncommutative spacetimes are
in bijective correspondence.

When π∗(H) = 0 ∈ H1(M, Z), then the crossed product
CT (E , δ) o R2 is again a continuous trace C∗-algebra with
spectrum isomorphic to E# and we recover classical T-duality.



Special case

Theorem

Let p : E = M × T2 → M be a trivial T2-bundle, let
β ∈ H1(M, Z), and let H = β ∪ γ ∈ H3(E , Z), where γ is the
usual generator of H2(T2, Z) ∼= Z. Then there is an action α of
G = R2 on CT (E , H), lifting the G-action on E.
Moreover,

CT (E , H) = IndR2

Z2 (C(M,K(H)), ρ)

where the RHS is by definition{
f : R2 → C(M,K(H)) : f (t + g)(x) = ρx(g)(f (t)(x)), t ∈ R2, g ∈ Z2

}
.



Example 1
In the example of the trivial torus bundle,

T2 −−−−→ T3

p
y
T

with H-flux H = kvol ∈ H3(T3, Z), k 6= 0, then

CT (T3, H) = IndR2

Z2 (C(T,K(H)), ρ)

and therefore

CT (T3, H) o R2 ∼= C(T,K(H)) o Z2.

By our previous analysis,

C(T,K(H)) o Z2 ∼=
∫

θ∈T
Aθk dθ ⊗K.



Example 1
In this case, we can see that

CT (T3, H) o R2 ∼= C∗(HZ(k))⊗ K,

where HZ is the integer Heisenberg group,

HZ(k) =


1 x 1

k z
0 1 y
0 0 1

 : x , y , z ∈ Z

 ,

which is a Z-central extension of Z2,

0 → Z → HZ(k) → Z2 → 0.

Mackey induction via the central Z subgroup of HZ(k) gives the
direct integral decomposition,

C∗(HZ(k))⊗ K =

∫
θ∈T

Aθk dθ ⊗K.



Theorem (rank n case, part 1) [MR] Let

Tn i−−−−→ E

p
y
M

be a principal torus bundle over M, [H] ∈ H3(M, Z).

Then the Rn action on E lifts to a Rn action on CT (E , H)

if and only if the restriction, i∗[H] = 0 ∈ H3(Tn, Z) is trivial.

This is a nontrivial obstruction ⇔ n ≥ 3.



(1) If 0 = π∗(H) =
(∫

T2
1
H, ...,

∫
T2

k
H

)
∈ H1(M, H2(Tn, Z)), where

k =
(n

2

)
and T2

j are the subtori of rank 2 in the torus fibers, then
there is a uniquely determined classical T-dual consisting of
π# : E# → M, which is a another principal Tn-bundle over Z ,
and H# ∈ H3(E#, Z), the “T-dual H-flux” on E#. T-dualizing a
circle at a time works and the picture is exactly as in the case of
circle bundles.

E ×M E#

p∗(p#)
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(2) If 0 6= π∗(H) ∈ H1(M, H2(Tn, Z)) = [M, Tk ], then the T-dual is
again defined as the C∗-algebra CT (E , H) o Rn, which is again
a continuous field of noncommutative tori, whose fiber at the
point x ∈ M is the noncommutative torus Af (x) of rank n where
f : M → Tk is a continuous map corresponding to π∗(H).
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Observations so far:

A striking fact is that starting off with a type II string theory on
a (compactified) classical spacetime which is a non-trivial
torus bundle with topologically nontrivial background H-flux,
then the T-dual is a type II string theory on a noncommutative
spacetime, which is a continuous field of noncommutative tori.
The action etc has been studied in special situations in papers
eg. by Rangmoolan.

Many thanks for your attention!


