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Lecture 1



The Main Idea

Flux Charge

=

• It underlies gauge theories

• It underlies integrable theories

• Use it to construct the integral eqs. for Yang-Mills,
its conserved charges and hidden symmetries in loop space

• That is a conservation law that leads to an isospectral evolution

V (t) = U V (0)U�1 <latexit sha1_base64="2MCy8np1DSexkEkSAUEnYB8Vfwc=">AAAB9HicdVBNSwMxEM36WetX1aOXYBH0YNldS1tvRS+epIL9gLqUbDq1odlkTbKFUvo7vHhQxKs/xpv/xmxbQUUfDDzem2FmXhhzpo3rfjgLi0vLK6uZtez6xubWdm5nt6FloijUqeRStUKigTMBdcMMh1asgEQhh2Y4uEj95hCUZlLcmFEMQUTuBOsxSoyVgiMhxcmVBNMHddzJ5d3CWaXkF0vYLbhu2fO9lPjl4mkRe1ZJkUdz1Dq599uupEkEwlBOtG57bmyCMVGGUQ6T7G2iISZ0QO6gbakgEehgPD16gg+t0sU9qWwJg6fq94kxibQeRaHtjIjp699eKv7ltRPTqwRjJuLEgKCzRb2EYyNxmgDuMgXU8JElhCpmb8W0TxShxuaUtSF8fYr/Jw2/4JUKxWs/Xz2fx5FB++gAHSEPlVEVXaIaqiOK7tEDekLPztB5dF6c11nrgjOf2UM/4Lx9AmkYkeM=</latexit>

(non-Noether)



�0

=

Z

�0

~F · d~l

flat connection

�

P0

P Z

�

~F · d~lWork(P0 ! P ) =

Theorem: Work done = variation of kinetic energy

Conservation of mechanical energy E =
p2

2m
+ U

on any curve from P0 to PU(P ) = �
Z P

P0

~F · d~lPotential

~r^ ~F = 0 @iFj � @jFi = 0(Stokes Theorem)

Hidden Symmetries in a nutshell:

Conservative Forces



Look for iso-spectral evolution

A(t) = U(t)A(0)U�1(t)
dA

d t
=


dU

d t
U�1 , A

�

Take B = �dU

d t
U�1 =

1

2

 
0 dK

d q

�dK
d q 0

!

det (A� � 1) = 0

U =
1

2
K2

�2 =
1

2

✓
p2

2
+

K2

2

◆
A =

1

2

✓
p K(q)

K(q) �p

◆
Energy as an eigenvalue

dA

d t
� [A , B] =

1

2


d p

d t
+

dU

d q

�✓
1 0
0 �1

◆ Newton’s equation

= 0

Hidden symmetry
A ! g A g�1

B ! g B g�1 � d g

d t
g�1 g 2 SU(2)



Path Independency
Introduce ”fake” variable x and denote Ax ⌘ A At ⌘ B

Ftx ⌘ @tAx � @xAt + [At , Ax] = @tA� [A , B] = 0

� + ��

W�1 �W =

Z

�
d�W�1Fµ⌫ W

dxµ

d�
�x⌫

Newton’s equation

= 0

(t, t)

x

t

(0, 0) (t, 0)

Pe�
R t
0 dt0B(t0) Pe�

R t
0 dxA(0)Pe�

R t
0 dxA(t) Pe�

R t
0 dt0B(t0)=

(0, t)
e�t A(t) = U(t) e�t A(0) U�1(t)

A(t) = U(t)A(0)U�1(t)
U(t) = Pe�

R t
0 dt0B(t0)

Wilson line dW

d t
+Aµ

d xµ

d�
W = 0 W = P e�

R
� d�Aµ

d xµ

d �

�

W = 1�
Z �

�0

d�0 Aµ
dxµ

d�0 +

Z �

�0

d�0 Aµ(�
0)
dxµ

d�0

Z �0

�0

d�00 A⌫(�
00)

dx⌫

d�00 � . . .



The general solution

initial data

x

t

(0, 0) (t, 0)

(t, t)

X ⌘ W † W = W (0)† e�2 t A(0) W (0)

W (t) = Pe�
R t
0 dt0B(t0) Pe�

R t
0 dxA(0) W (0)

<latexit sha1_base64="lG5bMfnJq1/KAY5hEttTrmtrOKQ="></latexit>

= U (t) e�t A(0) W (0)

But A is hermitian and B anti-hermitian
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p K (q)

K (q) �p
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B =
1

2

 
0 dK

d q

�dK
d q 0

!
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(U is unitary)



Parametrizes the symmetric space SU(2)/U(1)

Phase space of a particle in 1-d
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◆
<latexit sha1_base64="Nkqt9n/AvZephx8rijEHwmcparc="></latexit>

= p T3 +K T1
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0 dK

d q
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d q 0
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= i
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W = U (t) e�t A(0) W (0)
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But
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Note
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Another way of looking at it
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� (T3) = �T3 � (T1) = �T1 � (T2) = T2
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� (A) = �A � (B) = B � (U) = U
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Automorphism:
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[Ta , Tb] = i "abc Tc



�mg sin �i ��

l
(⇥i � ⇥i�1) +

�

l
(⇥i+1 � ⇥i)

Pendula on a clothes line

i
i� 1

i+ 1

l

m

✓i

m
d2si
dt2

= F g
i + F �

i

Newton’s equation (si ⌘ l ✓i)

1

c2
⇤2�

⇤t2
� ⇤2�

⇤x2
= �⇥2

c2
sin �

In the limit � ! 0, and ↵ ! 1, with �2 ↵ ⌘ finite, we get

✓
c2 =

↵�2

ml2
; !2 =

g

l

◆
sine-Gordon eq.

�i ⌘ �(xi) xi = i�Define � ⌘ spacing between pendula

✓i+1 � 2 ✓i + ✓i�1

�2
! @2✓

@x2
� ! 0

Hidden Symmetry in a coconut shell:



1

c2
⇤2�

⇤t2
� ⇤2�

⇤x2
= �⇥2

c2
� (sin � ⇠ �)

Mechanical analog of LJJ

This twisting pendula are generated

by PostScript program

Coded by Dr. Edward Goldobin, 1999

Josephson phase φ angle of pendulum
bias current γ torque

damping coefficient α friction in the axis
Josephson voltage φt angular frequency

Introduction to the fluxon dynamics in LJJ Nr. 9

⇥ = ⇥0 cos(k x� � t+ �) k2 =
�2 � ⇤2

c2

Small Oscillations



� = 4ArcTan
h
e�(x�v t)/

p
1�v2/c2

i
� = ±⇥

c

Solitons Solutions

• Solitons propagate without dissipating energy

• Under collision they are not destroyed.
Su↵er a time delay only

• They have a ”topology”

• They become particles in the quantum theory
(Thirring model)

�4 �2 2 4

1

2

3

4

5

6

Mechanical analog of LJJ

This twisting pendula are generated

by PostScript program

Coded by Dr. Edward Goldobin, 1999

Josephson phase φ angle of pendulum
bias current γ torque

damping coefficient α friction in the axis
Josephson voltage φt angular frequency

Introduction to the fluxon dynamics in LJJ Nr. 13
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The magic of it ...

A0 =
i

4

0

@
@✓
@x1

!
c

�
ei ✓/2 + 1

� e�i ✓/2
�

!
c

�
ei ✓/2 + � e�i ✓/2

�
� @✓

@x1

1

A

A1 =
i

4

0

@
@✓
@x0

!
c

�
ei ✓/2 � 1

� e�i ✓/2
�

�!
c

�
ei ✓/2 � � e�i ✓/2

�
� @✓

@x0

1

A x0 = c t

x1 = x

Note that � is arbitrary

F01 ⌘ @0A1 � @1A0 + [A0 , A1] =
i

4

✓
@2
0✓ � @2

1✓ +
!2

c2
sin ✓

◆ ✓
1 0
0 �1

◆

⇥
Tm
i , Tn

j

⇤
= i "ijk T

m+n
k (Tn

i = �n Ti)

⇥
Tm
i , Tn

j

⇤
= i "ijk T

m+n
k + Cm �m+n,0 �i,j

hidden symmetries
Loop Algebra

Kac-Moody Alg.
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Aµ ! g Aµ g
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�1 g = ei ⇣
m
a Tm
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Path independency

Boundary Condition At(�L, t) = At(L, t)

power series in �: infinite number of conserved quantities

Fµ⌫ = 0 means that W = P e�
R
� d�Aµ

d xµ

d � is path independent

Ct

C0

CLC�1
�L

W (Ct) = U W (C0)U
�1iso-spectral evolution

<latexit sha1_base64="Ld/Mz2lZTWrUtTneBQcg8Gf90y8="></latexit>

U = Pe�
R t
0 d� At(L , t) d t

d �



Flat connections in Kac-Moody algebras

(path independency)

Soliton theory in 2d: quite well established



Integrable Field Theories in (1 + 1)-dimensions

Linear Problem (@µ +Aµ) = 0

Fµ⌫ = @µA⌫ � @⌫Aµ + [Aµ , A⌫ ] = 0 µ , ⌫ = 0, 1

Aµ lives on a Kac-Moody algebra (infinite dimensional)

Lax-Zakharov-Shabat Equation (zero curvature condition)

<latexit sha1_base64="frephlLLYmmCke0+pOwZfizBG1k="></latexit>

• Infinite number of conservation laws

• Inverse scattering method

• Dressing method

• Hirota method

• Classical r-matrix

• Quantum R-matrix

• Spin chains and N = 4 Super Yang-Mills

• etc



How to find the charges Mr. Holmes?

Going to higher dimensions...



path in loop space

 Loop Space: ⌦(1) =
�
f : S1 ! M | north pole ! x0

 

Quite elementary Mr. Watson!

F = �A+A ⇤A = 0

Introduce a flat connection A in loop space

Construct the charges using path independency!

!

"

X0

space-time surface

<latexit sha1_base64="cuhgke3KqMm6gBlUuSSIWm9Gz6s="></latexit>

Charges in (2 + 1)-dimensions should be integrals over 2d space



d W

d �
+ Aµ

d xµ

d �
W = 0

antisymmetric tensor

A[x(⇥)] =
� 2⇤

0
d⇥ W (⇥)�1Bµ⇥(x(⇥))W (⇥)

dxµ

d⇥
�x⇥(⇥)

x0

�

integrated over a loop

variations perpendicular to the loop

Bµ� ! g Bµ� g
�1 (BW

µ⌫ ⌘ W�1 Bµ⌫ W )BW
µ⌫ ! g(x0)B

W
µ⌫ g

�1(x0)

Aµ ! g Aµ g
�1 +

i

e
@µg g

�1 then W ! g(x)W g�1(x0)

The one-form connection on loop space



Orlando Alvarez, LAF and J. Sánchez Guillén
hep-th/9710147, Nucl. Phys. B529 (1998) 689-736
IJMPA, 24 (2009) 1825 - 1888; arXiv:0901.1654 [hep-th].

The curvature on loop space

Problems to have F = 0:

• Non-locality

• Dependency upon reparameterization

• Hard to reconcile with local field theories

Local conditions:

[Ta , Tb] = i fabc Tc

[Ta , Pi] = Pj Rji(Ta)

[Pi , Pj ] = 0

Aµ = Aa
µ Ta Fµ⌫ = 0

Bµ⌫ = Bi
µ⌫ Pi D ^B = 0

Connects to:

• Gerbes

• Two-form connections

• Higher spin gauge theories

• etc

F = �1

2

Z 2⇡

0
d� W�1(�) [D�Bµ⌫ +DµB⌫� +D⌫B�µ] (x(�))W (�)

dx�

d�
�xµ(�) ^ �x⌫(�)

+

Z 2⇡

0
d�

Z �

0
d�0 ⇥BW

µ(x(�
0))� FW

µ(x(�
0)), BW

�⌫(x(�))
⇤ dx

d�0
dx�

d�
�xµ(�0) ^ �x⌫(�)

F = �A+A ^A

Dµ⇤ ⌘ @µ ⇤+i e [Aµ , ⇤]

CP 1-model
Skyrme model
Skyrme-Faddeev model
Self-dual YM, etc



�
xR

x

g (x) g�1 (xR) = P1 e
�

R
� d�Aµ

d xµ

d�

Let g(x) and Aµ be functionals of the fields of the theory
and impose on any curve � the integral equation

�0

= P1e
�

R
�0 d�Aµ

dxµ

d�

path independent

Take � infinitesimal Aµ = �@µg g
�1

So, Aµ is flat and we have Lax-Zakharov-Shabat equation

@µA⌫ � @⌫Aµ + [Aµ , A⌫ ] = 0

Flux

charge

Revisit integrable field theories in 1 + 1 dimensions

Basic property of gauge theories: Flux=Charge

Pd�1e
R
@⌦ A = Pde

R
⌦ FLook for integral equations!!

conservation laws
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Lecture 2



Pd�1e
R
@⌦ A = Pde

R
⌦ FLook for integral equations!!

Basic property of gauge theories: Flux=Charge
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What have we learnt in Lecture 1?

⌦ and ⌦0: two 3-volumes with the same border

xR

@⌦

⌦
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Path independency ! conservation laws
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d�
�x⌫

!

xR ⌃

� = @⇥

⌧

dW

d⇥
= W

Z 2⇥

0
d�W�1(�)Fµ� W (�)

dxµ

d�
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R
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R
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Non-Abelian Stokes Theorem
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Wilson line
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⌃0
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⌃0 d�d⌧W

�1 Fµ⌫ W dxµ

d�
dx⌫

d⌧

The Flatness Condition
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@⌃ d�Aµ

dxµ

d� = P2 e
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⌃ d�d⌧W�1 Fµ⌫ W dxµ

d�
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⌃
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A[x(�)] =

Z 2⇡

0
d� W (�)�1Fµ⌫(x(�))W (�)

dxµ

d�
�x⌫(�)

Flat connection on loop space

Path independency on loop space ! conservation laws in 2 + 1

Examples:
Chern-Simons in 2 + 1

Yang-Mills in 2 + 1

LAF and G. Luchini, NPB 858 (2012), 336; arXiv 1109.2606



An example: Chern-Simons theory

Fµ� = �µA� � ��Aµ + [Aµ , A� ]

Fµ� =
1

�
⇥µ�⇥J

⇥ ⌘ 1

�
J̃µ�

Aµ 2 Lie algebra G

Eq. of motion !

with

P1 e
�

R
⇧� d�Aµ

dxµ

d⇤ = P2 e
1
�

R
� d�d⇥W�1 J̃µ⇥ W dxµ

d⇤
dx⇥

d⌅

For any surface ⌃ impose the integral equation:

Flux Charge

For an infinitesimal ⌃ one gets the di↵erential equation Fµ⌫ = J̃µ⌫
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The flatness condition
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d�d⇥W�1 J̃µ⇥ W dxµ

d⇤
dx⇥

d⌅ = 1l

For a closed surface ⌃c the integral equation implies

xR

On the loop space ⌃c ⌘ closed path

P2 e
R
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A P2 e
R
�2

A = 1l

P2 e
R
�1

A = P2 e
R
��1
2

A

Path (surface) independency



Construction of conserved charges
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D(0)

1
A
P2 e

R
S11⇥I A

= P2 e
R
S1
0⇥I A

P2 e
R
D(t)

1
A

Path independency:

J̃12 = J0 ⇠ 1

r2+�
T (r̂) for r ! 1Boundary conditions:

P2 e
R
D(t)

1
A |

x(t)
R
= W

⇣
x(t)
R , xR

⌘
P2 e

R
D(t)

1
A |xR W�1

⇣
x(t)
R , xR

⌘
Change of base point:

V
x(t)
R

⇣
D(t)

1

⌘
= P2 e

ie
�

R
D(t)

⇥
d⇥ d� W�1 eJµ⇥W dxµ

d⇤
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d⌅ = P1e
�ie

H
S1⇥

d� Aµ
dxµ

d⇤

Conserved charges ! eigenvalues of the operator:

Surface �1 = D(0)
1 ⇥

�
S1
1 � I

�
Surface �2 =

�
S1
0 � I

�
⇥D(t)

1

xR

D(0)
1

S1
1 � I

segunda-feira, 5 de setembro de 2011

xR

D(t)
1

S1
0 � I

segunda-feira, 5 de setembro de 2011

x(t)
R

segunda-feira, 12 de setembro de 2011
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Integral Equations for Yang-Mills in (2 + 1)-Dimensions

P1e
�ie

H
@⌃ d� (Aµ+� eFµ) dxµ

d� = P2 eie
R
⌃ d⌧ d� W�1(Fµ⌫�� eJµ⌫+ie �2[ eFµ , eF⌫ ])W dxµ

d�
dx⌫

d⌧

eJµ⌫ ⌘ "µ⌫⇢J
⇢

Dµ
eF⌫ �D⌫

eFµ = � eJµ⌫ D⌫F
⌫µ = Jµ

For ⌃ ! 0, gets the Yang-Mills equations

Conserved charges are obtained the same way as for Chern-Simons
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Non-Abelian Stokes theorem
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Take Aµ = Aµ + � eFµ
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How to do it in 3 + 1 dimensions, Mr. Holmes?
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Q is conserved and gauge invariant
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Quite elementary, Mr. Watson?
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Ask Prof. Maxwell !!!
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B =

Z

⌦
d ^B

3-volume �

Z

⇤⌦
Bµ�

dxµ

d⇥

dx�

d⇤
=

Z

⌦
[⌅⇥Bµ� + ⌅�B⇥µ + ⌅µB�⇥]

dxµ

d⇥

dx�

d⇤

dx⇥

d�

For an abelian two-form Bµ� and a 3-volume �

!⇣

xR

#

scan with 2d surfaces

base point

!
⌧

�

scan with 1d loops

Abelian Stokes Theorem



�µF
µ� = j�

�µ eFµ� = 0 �⇥Fµ� + ��F⇥µ + �µF�⇥ = 0

�⇥F̃µ� + �� F̃⇥µ + �µF̃�⇥ = j̃⇥µ�

j� =
1

3!
��⇤µ⇥ j̃⇤µ⇥

Z

��

eFij
⇧ xi

⇧ ⇥

⇧ xj

⇧ ⇤
d⇥ d⇤ = �

Z

��

⌃E · d⌃� = �
Z

�

�

⌅0
= �Q

⌅0

For ↵ = 0, � = 1, and � purely spatial

Gauss law

Z

⇤⌦

h
�Fµ� + ⇥ F̃µ�

i dxµ

d⌅

dx�

d⇧
= ⇥

Z

⌦
j̃µ�⇥

dxµ

d⌅

dx�

d⇧

dx⇥

d⇤

In Stokes theorem, take Bµ� ⌘ �Fµ� + ⇥ F̃µ� to get

Back to Faraday:
Integral Equations
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Q(0)
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j̃µ�⇥
dxµ

d⇥

dx�

d⇤

dx⇥

d�

�Q(t)

Z

S2
0⇥I

j̃µ�⇥
dxµ

d⇥

dx�

d⇤

dx⇥

d�

0

Z

S2
1⇥I

j̃µ�⇥
dxµ

d⇥

dx�

d⇤

dx⇥

d�

0

0 =

Z

⇤⌦

h
�Fµ� + ⇥ F̃µ�

i dxµ

d⌅

dx�

d⇧
= ⇥

Z

⌦
j̃µ�⇥

dxµ

d⌅

dx�

d⇧

dx⇥

d⇤

For a 3-volume � without border (@� = 0)

Q(t) = Q(0)
Z

⌦
j̃µ�⇥

dxµ

d⇥

dx�

d⇤

dx⇥

d�
= 0

time

Integral Equations and Conservation Laws



Faraday’s Path Independency

⌦ and ⌦0: two 3-volumes with the same border

= �

Z

⌦0
j̃µ⌫⇢

dxµ

d�

dx⌫

d⌧

dx⇢

d⇣

⌦0

F = �A+A ⇤A = 0

abelian

The laws of Electromagnetism correspond to flat connections in loop space!!

�⇥F̃µ� + �� F̃⇥µ + �µF̃�⇥ = j̃⇥µ�
(d ^ j̃ = 0)

connection in loop space: A ⌘
Z

loop
j̃µ⌫⇢

d xµ

d�

d x⌫

d ⌧
�x⇢

Z

⇤⌦

h
�Fµ� + ⇥ F̃µ�

i dxµ

d⌅

dx�

d⇧
= ⇥

Z

⌦
j̃µ�⇥

dxµ

d⌅

dx�

d⇧

dx⇥

d⇤

xR

@⌦

⌦
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⌦(2) = {f : S2 ! M | north pole ! xR}



Generalizing Maxwell: Yang-Mills theory

DµFµ� = J� Dµ eFµ� = 0

Jµ = ⇥̄ �µ R(Ta)⇥ Ta

Fµ� = �µA� � ��Aµ + i e [Aµ , A� ] Dµ⇤ = �µ ⇤+i e [Aµ , ⇤ ]

Yang-Mills equations

Invariant under a gauge group G



ej� ⌘ �µ eFµ� = �i e
h
Aµ , eFµ�

i
! �µejµ = 0

j� ⌘ �µFµ� = J� � i e [Aµ , Fµ� ] ! �µjµ = 0

Charges

Q =

Z
d3x �iFi0 =

Z
d3x ⇥� · ⇥E =

Z
d⇥� · ⇥E

eQ =

Z
d3x �i eFi0 = �

Z
d3x ⇥⇥ · ⇥B = �

Z
d⇥� · ⇥B

eigenvalues of Q
are gauge invariant

The (text book) conserved charges

Under a gauge transformation
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Q !
Z

d~⌃ · g ~E g�1

if g is constant at infinity
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not gauge invariant



⌃

xR

!⌧

�

d V

d �
� V T (A,B, �) = 0

T (B,A, ⇥) ⌘
Z 2⇥

0
d� W�1 Bµ� W

dxµ

d�

d x�

d ⇥

V (�) = VR P2 e
R
� d�d⇥ W�1 Bµ� W d xµ

d ⇥
d x�

d ⇤

It is a surface ordered integral

⌃
xR

�+ ��

Vary �

Generalizing Faraday: Non-Abelian integrals

�V V �1 ⇤
Z 2⌅

0
d⇤

Z 2⌅

0
d⇥ V (⇤) {

W�1 [D⇥Bµ⇤ +DµB⇤⇥ +D⇤B⇥µ] W
dxµ

d⇥

d x⇤

d ⇤
�x⇥

�
Z ⌃

0
d⇥0 ⇥BW

�⇧ (⇥
0)� ieFW

�⇧ (⇥0) , BW
µ⇤ (⇥)

⇤ dx�

d⇥0
dxµ

d⇥

⇥
✓
d x⇧ (⇥0)

d ⇤
�x⇤ (⇥)� �x⇧ (⇥0)

d x⇤ (⇥)

d ⇤

◆�
V �1 (⇤)
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(XW ⌘ W�1 XW )



d V

d �
� V T (A,B, �) = 0

T (B,A, ⇥) ⌘
Z 2⇥

0
d� W�1 Bµ� W

dxµ

d�

d x�

d ⇥

VR P2e
R
⌅� d⇤d⇥W�1Bµ�W dxµ

d⇥
d x�

d ⇤ = P3e
R
� d� K VR

The generalized non-abelian Stokes Theorem

⌦(2) =
�
f : S2 ! M | north pole ! x0

 
Flat connection on the loop space:

d V

d �
�K V = 0

K ⇤
Z 2⌅

0
d⇤

Z 2⌅

0
d⇥ V (⇤) {

W�1 [D⇥Bµ⇤ +DµB⇤⇥ +D⇤B⇥µ] W
dxµ

d⇥

d x⇤

d ⇤

d x⇥

d �

�
Z ⌃

0
d⇥0 ⇥BW

�⇧ (⇥
0)� ieFW

�⇧ (⇥0) , BW
µ⇤ (⇥)

⇤ dx�

d⇥0
dxµ

d⇥

⇥
✓
d x⇧ (⇥0)

d ⇤

d x⇤ (⇥)

d �
� d x⇧ (⇥0)

d �

d x⇤ (⇥)

d ⇤

◆�
V �1 (⇤)
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ie

R
⌅� d⇧d⌅[�FW

µ�+⇥ eFW
µ� ] dx

µ

d⇥
dx�

d⇤ = P3e
R
� d⇤d⇧V JV �1

J ⇤
Z 2⌅

0
d⌅

⇢
ie⇥ eJW

µ⇤⇥
dxµ

d⌅

dx⇤

d⇧

dx⇥

d⇤
+ e2

Z ⌃

0
d⌅0

⇥
h ⇣

(�� 1)FW
�⇧ + ⇥ eFW

�⇧

⌘
(⌅0) ,

⇣
�FW

µ⇤ + ⇥ eFW
µ⇤

⌘
(⌅)

i

⇥ d x�

d⌅0
d xµ

d⌅

✓
d x⇧ (⌅0)

d ⇧

d x⇤ (⌅)

d ⇤
� d x⇧ (⌅0)

d ⇤

d x⇤ (⌅)

d ⇧

◆�

Bµ� ! �Fµ� + ⇥ eFµ� Dµ eFµ� = 0DµFµ� = J�

Jµ =
1

3!
�µ⇥⇤� eJ⇥⇤�

Implies Yang-Mills eqs. in the limit � ! 0

Direct consequence of Stokes theorem and Yang-Mills eqs.

The Integral Equations for Yang-Mills

L.A. Ferreira and G. Luchini
1) [arXiv:1205.2088 [hep-th]], Phys. Rev. D 86, 085039 (2012)
2) [arXiv:1109.2606 hep-th]], Nuclear Physics B 858PM (2012) 336-365
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P2e
ie

R
⌅� d⇧d⌅[�FW

µ�+⇥ eFW
µ� ] dx

µ

d⇥
dx�

d⇤ = P3e
R
� d⇤d⇧V JV �1

P3e
H
�c

d�d⇥V JV �1

= 1lIf �c is a closed volume (@�c = 0)

P3e
R
S2
0⇥I d�d⇥V JV �1

P3e
R
��1
t

d�d⇥V JV �1

P3e
R
S21⇥I d�d⇥V JV �1

P3e
R
�0

d�d⇥V JV �1

Iso-spectral evolution: V (�t) = U(t) · V (�0) · U�1(t)

Eigenvalues of V (�t) are constant in time

Conserved Charges



Conserved charges are:

3) Independent of parameterization

P3 e
R
�
(t)
1

d� d⇥ V JV �1

is path independent

Conserved charges are eigenvalues of the operator

V (�t) = P2 e
ie

R
S2,(t)
⇥

d⇧ d⌅ (�FW
µ�+⇥ eFW

µ�) dxµ

d⇥
dx�

d⇤ = P3 e
R
�t

d⇤ d⇧ V JV �1

1) Gauge invariant V (�t) ! gR V (�t) g
�1
R

2) Independent of reference point

VxR(�t) ! W�1(exR, xR)VexR(�t)W (exR, xR)

4) Gives non-trivial dynamical magnetic charges to monopoles

5) Relevant for the global aspects of Yang-Mills theory



W�1 Fij W =
1

e
�ijk

r̂k
r2

TR

Wu-Yang and ’t Hooft-Polyakov monopoles

Ai = �1

e
�ijk

r̂j
r
Tk Fij =

1

e
�ijk

r̂k
r2

r̂ · T [Ti , Tj ] = i �ijk Tk

At spatial infinity they are the same:

Important property:

d

d�

�
W�1 r̂ · T W

�
= W�1 Di(r̂ · T )W

dxi

d�

TR � (r̂ · T )at xR

Di(r̂ · T ) = 0

W�1 r̂ · T W = TR

QS = e
i e�

R
S21

d⇤ d⌅ W�1 Fij W dxi

d�
dxj

d⇥ = e
�i e�

R
S21

d⇧�· ⇧BR

= ei 4⇥ �TR

Charge operator:

Conserved charges are the eigenvalues of QS

Qold =

Z

S2
1

d� d⇥ Fij
dxi

d�

dxj

d⇥
= 0Text book charges:



Integral Bianchi identity implies: Q(�=1)
S = e

�i e
R
S21

d⇥�· ⇥BR

= 1l

eigenvalues of
R
S2
1
d⇥� · ⇥BR =

2� n

e

For ’tHooft-Polyakov monopole both sides match.

Commutator plays the role of density of magnetic charge

For Wu-Yang monopole C = 0

One needs a source of magnetic charge

with

QS = P2e
↵ ie

R
S21

d⌧d�FW
ij

dxi

d�
dxj

d⌧ = P3e
e2↵(↵�1)

R
R3 d⇣d⌧V CV �1

C ⌘
Z 2⇡

0
d�

Z �

0
d�0 ⇥FW

⇢ (�0) , FW
µ⌫ (�)

⇤ d x

d�0
d xµ

d�

✓
d x⇢ (�0)

d ⌧

d x⌫ (�)

d ⇣
� d x⇢ (�0)

d ⇣

d x⌫ (�)

d ⌧

◆

Note however that one must have (for � = 0)

~D · ~B = �1

e
r̂ · ~T � (r)

r2

It satisfies Bianchi identity
in the sense of distribution theoryC.P. Constantinidis, LAF, G. Luchini; JPA 52, 155202 (2019)
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density of magnetic charge



1 + ↵

Z ⌧

0
d⌧ 0T (⌧ 0) + ↵2

Z ⌧

0
d⌧ 0

Z ⌧ 0

0
d⌧ 00T (⌧ 00)T (⌧ 0) + . . .

T ⌘ ie

Z 2⇡

0
d�W�1Fµ⌫W

dxµ
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dx⌫

d⌧
K ⌘ e2

Z 2⇡

0
d⌧V CV �1

= 1 + ↵(↵� 1)

Z ⇣

0
d⇣ 0K(⇣ 0) + ↵2(↵� 1)2

Z ⇣

0
d⇣ 0

Z ⇣0

0
d⇣ 00K(⇣ 0)K(⇣ 00) + . . .

It implies that

with

QS = P2e
↵ ie

R
S21

d⌧d�FW
ij

dxi

d�
dxj

d⌧ = P3e
e2↵(↵�1)

R
R3 d⇣d⌧V CV �1

One can expand both sides of the integral equation in powers of ↵

C.P. Constantinidis, LAF, G. Luchini, [1710.03359], PRD 97 (085006) (2018)

The ’tHooft-Polyakov monopole satisfies it for any ↵
(checked up to second order)



At spatial infinity the magnetic field has the form:

Fij =
1

e
⇥ijk

r̂k
r2

G(� , ⇤)

d

d�

�
W�1 GW

�
= W�1 DiGW

dxi

d�
But W�1 GW = GR

DiG = 0

Eigenvalues of GR are the charges

QS = e
i e�

R
S21

d⇤ d⌅ W�1 Fij W dxi

d�
dxj

d⇥ = ei 4⇥ �GR

In such a case the charge operator becomes:

1

2

rankGX

a=1

na

⇣
m(1)

a , m(2)
a , . . . , m(d)

a

⌘

In a d-dimensional representation the eigenvalues of GR are:

Example: (multi) Monopoles

For BPS multi-monopole solutions GR =
1

2

rankGX

a=1

na
2 ~↵a

↵2
a

· ~h



The case of SU(3)

1

2 e
(n1 , n2 � n1 , �n2)

For the triplet representation the charges are

1

2 e
(n1 + n2 , 2n1 � n2 , �n1 + 2n2 , 0 , 0 , �2n1 + n2 , n1 � 2n2 , �n1 � n2)

and for the adjoint representation

The topological charges are

QTop.(max.)
B = v

⇡

e
(n1 + n2)SU(3) ! U(1)⌦ U(1)

QTop.(min.)
B = v

⇡

e
n2SU(3) ! SU(2)⌦ U(1)

So, charges are the magnetic weights na
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• The conserved charges are eigenvalues of the holonomy

Q = Pe
R
space A

• It connects to integrable field theories

To think further...

�A+A ^A = 0

A ⌘
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(it solves parameterization problem!)

• Yang-Mills is equivalent to the flatness condition on loop space L(2) (S2 ! M)

A ! gA g�1 + �g g�1

dW
d�

+ ↵µ
dxµ

d�
W = 0

g = P2e
R
d� d⌧ W�1�µ⌫W dxµ

d�
dx⌫

d⌧

• The hidden symmetries are the gauge transformations on loop space L(2)



Final Comments

• The important symmetries for many non-linear phenomena
are not, in general, of the Noether type

• The concept of path independency plays an important role
in iso-spectral evolution

• Soliton theory in two dimensions and its applications,
are based on flat connections

• Gauge theories and integrable field theories share
some very interesting structures

• After 60 years the integral Yang-Mills equations and their truly
gauge invariant charges could be constructed using concepts of
flat connections on loop spaces

• It paves the way to interesting new developments



Thank You 
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