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The Main Idea

v l N

Flux Charge

e That is a conservation law that leads to an isospectral evolution
Vit)=UV(0) U (non-Noether)
e It underlies gauge theories

e It underlies integrable theories

e Use it to construct the integral eqs. for Yang-Mills,
its conserved charges and hidden symmetries in loop space



Hidden Symmetries in a nutshell:
Conservative Forces
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Potential U(P)=— / F.dl on any curve from Fy to P
Py

(Stokes Theorem) VAF =0 > 0;F; — 0, F; =0

flat connection
Theorem: Work done = variation of kinetic energy
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Conservation of mechanical energy E= 2L L
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Energy as an eigenvalue
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Look for iso-spectral evolution 2
dA dU
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At) = U(t) A0) U~ (2) S ]
Take _ _d_U 1 0 %
PE Y T ( -4 0
_ Newton’s equation
A 1|d d
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dt dt  dq |\ 0 —1
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Hidden symmetry B s gBg!— @g_l g € SU(2)



Path Independency
Introduce ”fake” variable z and denote A, = A A, =B

Fio = 04 Ay — 0u Ay +[Ay, Ayl = A — [A, Bl =0

Wilson line W LA dﬂwzo > W= pe [ doAG

dt P do

’ dxt 7 dzt [ dx?
_1_ / "A (o " A, (o o
W =1 /U do' A, o +/UO do “(O)da’ /UO do (o )da”
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Newton’s equation

d xt el
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L pe—J3 dz At) po— [§dt' B(t") = pe— [y dt'B(t') po— [5 dz A(0)
0.0)} G0

€_t A(t) _ U(t) 6—75 A(0) U_l(t)
U(t) = Pe~ Jo #'B®)
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The general solution

W(t) — Pe— fot dt/B(t/) Pe™ fot dx A(0) W(O)

= U (t) e 2O W (0)

(0,0) (£, 0) .

But A is hermitian and B anti-hermitian (U is unitary)
1/ p K 10 g
A_Q(K(Q) —p ) B_2<—% 0

initial data
/)'

X=WIw =w(0)" e 24O W (0)



Another way of looking at it
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_1/ p K9 ) _ _
A‘i(K@)-w >_WE+K73 B_2<

AU.tOHlOI'phiSHl: o (Tg) — —Tg o (Tl) — —T1 o (TQ) — T2

Tas To] = i€abe Te c(A)=—-A o(B)=B oU)=U
But W =U(t) et 40 W (0)

Then X (W)=o (W) " W=0(W(0)) " e 2t4O 1 (0)

Note X(hW)=X (W) heU(1)
Parametrizes the symmetric space SU(2)/U (1)

Phase space of a particle in 1-d



Hidden Symmetry in a coconut shell:
Pendula on a clothes line

Newton’s equation (s; = 16;)

d*s
' = F9 L FT
mdtQ/" + \
—m g sin 6, Qv Qv

7 (0i —0i—1) + — (0iv1 — 0;)

(9(%2) r; =1 A A = spacing between pendula

A —0

In the limit A — 0, and o« — oo, with A? o = finite, we get

2 2 2 ,
sine-Gordon eq. 1 00 07 — Y sin 6 (c2:aA - 2_g>
c? O0t?  Ox? c?







Solitons Solutions

0 = 4 ArcTan [67(3;_” t>/\/1_”2/62}
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\ e Solitons propagate without dissipating energy

e Under collision they are not destroyed.
Suffer a time delay only

dobin, 1999

e They have a "topology”

e They become particles in the quantum theory
(Thirring model)



The magic of it ...
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Note that A is arbitrary

B b o 5 w? I 0
o1 = 0g Ay — 01 Ao + [Ao, A1l = A dp0 — 010 2 Sin § 0 -1

1 gzezca T,

—1 —
A,—gA,g  +0.99
Loop Algebra [T}", T} = e T " (T = \"T;)

hidden symmetries
Kac-Moody Alg. [Tim : Tjﬂ = 1€k T;Z;an + Cm dmyn,0 i,



Path independency

F,,, = 0 means that W = Pe [, doAu s 1s path independent

t t
A A

C

-L L -L Cy L

Boundary Condition Ai(—L,t) = A (L, 1)

iso-spectral evolution W(Cy) =UW(Cy) U —1

[ — Pe—fotda A (L) g—;

power series in A: infinite number of conserved quantities



Soliton theory in 2d: quite well established

Flat connections in Kac-Moody algebras

(path independency)



Integrable Field Theories in (1 4+ 1)-dimensions

Linear Problem (({9“ + A“)\If = ()

Lax-Zakharov-Shabat Equation (zero curvature condition)

F,=0A, -0A,+4,,A,]=0 w, v =01

A, lives on a Kac-Moody algebra (infinite dimensional)

e Infinite number of conservation laws

e Inverse scattering method

e Dressing method

e Hirota method

e (Classical r-matrix

e Quantum R-matrix

e Spin chains and N = 4 Super Yang-Mills
® ctc




Going to higher dimensions...

How to find the charges Mr. Holmes?




Quite elementary Mr. Watson!
Charges in (2 4 1)-dimensions should be integrals over 2d space

r
s
)
X0
r X,

space-time surface < > path in loop space

Loop Space: Q) = {f . S* — M | north pole — xo}
Introduce a flat connection A in loop space

F=0A+ANA=0

Construct the charges using path independency!



The one-form connection on loop space

(o) = [ do W(0) B HW o ) 2 52 (o)

(@) Buy( ;
' /

antisymmetric tensor

integrated over a loop |

dW d x*
+ A, — W =0
do P do

variations perpendicular to the loop

A, —gA,g '+ - augg : then W — g(z) W g~ (z0)

B,LLI/%gB/,LI/g_l Bwﬁg(xO)Buug 1(560) (B/%EW_lBM’/W)



The curvature on loop space

F=0A+ANA
27
F = —1/ do W~ (o) [D\By, + D, B, + D,By,] (z(0))W (o )% oxt (o) N\ dz¥ (o)
27 d d
b [ [ [B) ~ S G(0)), B ()] e i (o) 6 o)
D,x=0,x+ie[A,,
Problems to have F = 0: Local conditions:

e Non-locality
e Dependency upon reparameterization

:Taa Tb — ifabcT

e Hard to reconcile with local field theories :Ta 7 pz _ Pj Rjz'(Ta,)
Connects to: P, Pj] — 0

e (Gerbes '

e T'wo-form connections A, =A"T, F,, =0

e Higher spin gauge theories |

o ctc BW:BLVP,,; DANB=0

) . C P'-model
Orlando Alvarez, LAF and J. Sanchez Guillén Skyrme model

hep-th /9710147, Nucl. Phys. B529 (1998) 689-736 Skyrme-Faddeev model
IJMPA, 24 (2009) 1825 - 1888; arXiv:0901.1654 [hep-th. Self-dual YM, efc



Not quite Mr. Holmes!!!

Revisit integrable field theories in 1 + 1 dimensions

» Let g(z) and A, be functionals of the fields of the theory
and impose on any curve v the integral equation

v
—1 (QZ‘R) _ Pl e~ f7 do A, dda

Y / () yg
TR Fth / _ Ple_ ffy/ do A,LL dC:ngM

path independent charge

— conservation laws

Take ~ infinitesimal > A, =—-0,9 g~ !

So, A, is flat and we have Lax-Zakharov-Shabat equation
0,A, —0,A, +A,, A =0
Look for integral equations!! Pd_lefc‘m A — PdefQ s

Basic property of gauge theories: Flux=Charge
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What have we learnt in Lecture 17

Look for integral equations!! Pd_lefc’m A _ Pdgfsz v

Basic property of gauge theories: Flux=Charge
Pd—l €f39 A — Pd 6f9 4
= P, eff?’ a

oS

() and Q: two 3-volumes with the same border

TR Path independency — conservation laws



Non-Abelian Stokes Theorem
dW d x*

Wilson line e A, — W =20 W = Pe— Jrdo Au 45
Y+ 0y
—1 2T —1 daj'u
WL (7)6W (7) / do WL F,, W 2
LR 0 dO’
\
— dW o7 dxt dx”
) 1
R d F,,
dr v /0 </ () Fu W0) do dt
TR W =P, els dodTW ' F,, W= de

dx ™

> W — Pl e—deaAM s

o dxH —1 dxH dx” B
P e~ JrdoAvis — p, oJsdodtWT Fu, WS <5 /aEA_/EdAA




The Flatness Condition

dxH —1 dxH dz"
Pl e faz doA, G- _ P2 €f2 dod™W =~ F,, W S5 &=

7% _ P, el dodrW Tt By Wt !
2
E/ 2 1 d:l?“ U
tn Alz(o)] = oo Wio)™ Fuw(z(0))W(o)——dz"(0)

N

Flat connection on loop space

Path independency on loop space — conservation laws in 2 + 1

Chern-Simons in 2 + 1
Examples:

Yang-Mills in 2 + 1

LAF and G. Luchini, NPB 858 (2012), 336; arXiv 1109.2606



An example: Chern-Simons theory
A, € Lie algebra G

, 1 1 -
K K

with F,, =0,4, —0,A,+ 1[4, , A

For any surface > impose the integral equation:

dxH 1 —1 7 dxeH dxV
Pl 6— f@Z dO-AF‘ do — P2 QE fZ dodtW ‘]NV w do dT

/ \

Flux Charge

For an infinitesimal > one gets the differential equation Fj,, = j;w



The flatness condition

For a closed surface >.. the integral equation implies

1 —1 7 dxeH dxV
P, e Jo, dodrW Tt T WeER AL g

On the loop space >.. = closed path

2.9
PQ szc A =1
TR 27 _ 7’
A = l/ doW =1 Y Wdi(Sa:’/
K 0 dU
201
2ie = 21 + 29 PzeleAP2€f22‘A:]]

™~

Py efﬁlA = Pe

Path (surface) independency

1A
J



Construction of conserved charges

time .
A — 0 Dl
— . > >
.- > ‘)
Soo ¥ 1 Sy x I
-------- S [
DY TR
Surface 3 = DY) U (S%, x I) Surface ¥y = (S5 x I) U DY
: A A A A
Path independency: P, /o © P, elsioxaA — p, lsixiA p, NG
. ~ 1 .
Boundary conditions:  Jizg = Jo ~ s L (7) for r — oo
: t) A ¢y A _
Change of base point: P2 | =W (2%, 2n) Pre’o@ N, W (2 ap)

Conserved charges — eigenvalues of the operator:

e [ (pdrdo W], Wde- dz” —ie do
Vx(t) (Dé?) =P e D g do 4T — Ple fﬁséo
R

dx™
Alu do




Integral Equations for Yang-Mills in (2 4 1)-Dimensions

. d xH —1 dxH daV
Non-Abelian Stokes theorem P elos Ande = P, el W FueWSG G5

~ — 1 .
Take A, = A, + B F, F, = §5WPFVP B is a free parameter
P e—ic $ox do (A+BF,) 2= _ — P, ¢ Jxdrdo W™ "Fuw—B Juv+ie B2 |F,  F,|) W= de—

D,F,—D,F,=—J, > D, F"F=J+

Conserved charges are obtained the same way as for Chern-Simons



How to do it in 3 + 1 dimensions, Mr. Holmes”




Quite elementary, Mr. Watson?

" P

Ask Prof. Maxwell !!! JAMES CLERK MAXWELL
- o - o OF .
VE':ﬁ VXB—,Uog()—:,LLO
€0 0t
- = 6 E 9, 3 0 Ho €0 — 1/02
— X I —
V-B=0 57
1 , 1 1
EZ:FOZ B; = — ngijjk ]'LLE%(,O;_EJ>
0, FH" = 4% LMY L ! po
u \_] auF =0 FMV:§5W90F

9,7" =0

Q:/dSSCjO:/dSa:@iFiO:/ dy. - E
1% 1% 1%

() 1s conserved and gauge invariant



Abelian Stokes Theorem

/ B:/d/\B
o Q

For an abelian two-form B, and a 3-volume {2

dx* dx¥ dx”

dxt dx”
B, — 0,B,, +0,B 0, B,
/C’;Q M dO' d’T L[ P + PU_I_ M P] dO’ dT dC

Y 3-volume ()

a;- scan with 2d surfaces
/

— >

base point scan with 1d loops



Back to Faraday:

Integral Equations B Y Michad Faraday

1791-1867

8MFW =j" apﬁ/w T avﬁpu T auFVp — ipuv

>
0, F" =0 0,F,, +0,F,, +0,F,, =0
5 %6”)“” Jppw

In Stokes theorem, take B, = o F,, + F;w to get

~ dx? dax? ~ dx? dx¥ dxP
Fl/ FI/:| — . v
/m[o‘“+5“ do dr 5/&”40 dr d¢

For o« =0, 6 = 1, and () purely spatial

~ ( J . .
/ Fc’?:v O dO‘dT:—/ E-dZ:—/ﬁz—Q (Gauss law
o9 0 QO

2380' 0T €0 €0




Integral Equations and Conservation Laws

For a 3-volume () without border (02 = 0)

~ dx* dx¥ dx* dx¥ dxP
0:/ [aFWHsFM} _5/
of2

e dr d¢
time
T > > o =
A
< > [ """"" : ~ ' I ------- -
/ -~ dx* dz¥ dx” / ~ dx* dx¥ dx” / ~ dx* dx¥ dxPf / ; dz? dz¥ dx”
Q T o "dr de Sgoxﬂ“”p do dr d¢ Q, Twve” s dr d¢ s2xp " do drd¢

l l l l
Q(0) 0 Q1 0

. dxt dx¥ dz”
[ o G =0 > Q1) =Q()




Faraday’s Path Independency

~ dx? dx? dx” dx¥ daP
FI/ Fl/:| — U
/m[o‘“+5“ do dr 5/]“%&; dr d¢

- H v P
02 = {f:5% = M | north pole — zp} :6 ' dx* dz” dx

90 o M Ao dr dC
0 ) and : two 3-volumes with the same border
Q/
TR
dxt dx¥
connection in loop space: A= JWp T dxP

loop
F=0A+ANA=0

apﬁuv + avﬁpu + auﬁvp = 5/0#1/ \

(NG = 0) abelian

The laws of Electromagnetism correspond to flat connections in loop space!!



Generalizing Maxwell: Yang-Mills theory

Large Iladml;i)'yf*ollider

. o
- Rt oL
- TN ’ -2 — N
.- . A v - ~ -
- > & P o - .~ .~
- - T 3 ~ -
- ~ . R
A
) . - \

Yang-Mills equations DME,, = J, DHE,, =

F.,=0,A —0A,+ie|A,, A ] D,x=0,*+ie[A,, *]

Sy = 1EVM R(T,) ¢ T,

Invariant under a gauge group G



The (text book) conserved charges

j,=OF,, =J, —ie|A,, Fo] — 0%, =0

EVEaMﬁMV:_ie[AﬂaﬁMV} — ({9“;#:()

Charges

@:/dgﬂfazﬁz():—/dgfl?ﬁEZ—/dié

Under a gauge transformation

T

eigenvalues of ()
are gauge invariant

Q% digﬁg_lngg_l >

l

not gauge mvariant if g 1S constant at iIlﬁl’lity



Generalizing Faraday: Non-Abelian integrals

>
dV
VT(A B,7)=0
T dT
. o rBAN= [ dew-tB, w42
(B, ,7’):/0 oW pr W do dT

It is a surface ordered integral

—1 dxt dxV
V(E) _ VR P2 €f2 dodr W~ B,, W i

Vary 2. 5VV15/027TdT /OMdJV(T){

dx? dx¥
W~ [D\Bu, + D,Byx+ D,By,] W

do dT

7 dx”® dzt
1% . W 1%
—/0 do’ [BHP (0") — ek, (o), B, (0)} T

x (df”’p ) 50 (o) — 620 (o) 2 (")> } V=i (n)

Y+
S

LR

dT dT

(XY =wtXxXW)



The generalized non-abelian Stokes Theorem

1 dar;'u dxV
VR P2€f39 drdocW "B, W S— &5 __ PgefQ dC IC VR
//' X
. N\
d¢
2 4 dat dax¥ 71' s
T(BjAjT)E/O do W= B W do dT :/2 dT‘/2 dOV(T){

dz* dz¥ dax?
DABM,/—FD B+ D, B)\'u] %4

do drt d(

/ / . / dK’d’u}

—/0 4o’ [ BY (o)~ ieEY (o), BIY (0)] S
dxf (o) dx" (o) dzf (o) dz¥ (o) 4

X( dr d¢  d¢ dr >}V ")

Flat connection on the loop space: (KT =W XW)

02 = {f:S5%— M | north pole — z}



The Integral Equations for Yang-Mills

- |%% Wldz” dx¥ —1
P26zef89 drdo|aF, +BF), |44 PoeladCdrVIV

2 U A o
~ dxt dx¥ dx
— d eBJN | 2/ do’
J /o U{Zeﬁ S dg ) 0 y

X {((a— l)F,X‘p/ +6ﬁ,¥5) (o), (ozFJg +ﬁﬁ$> (0):
dx® dax* (dmp(a’)dazy (o) dzf(o')dx” ((7)>\

“do’ do \ dr  d¢ iC  dr

B/LV%CYF/LV_FﬁﬁMV D'LLF,uy:JV Dﬂﬁ;ﬂ”:o

Direct consequence of Stokes theorem and Yang-Mills egs.

Implies Yang-Mills eqgs. in the limit 2 — 0

LL.A. Ferreira and G. Luchini 1 .
1) [arXiv:1205.2088 [hep-th]], Phys. Rev. D 86, 085039 (2012) T = et PA
2) JarXiv:1109.2606 hep-th]], Nuclear Physics B 858PM (2012) 336-365 3!



Conserved Charges

- %% Wl dat dz¥ —1
Py ei€ Joq drdo|aF L +BFL |G E — polo dCdrV IV

—1
If Q. is a closed volume (02, = 0) > Pgej;ﬁc dodTVIV" —q
time
I - -
A
o L """"" )
Pse Jo, ddTVIVTL  p, oz xr dCdTV.IV™ Pye Jor1 d¢drvgv—! Pue Jszx1 d¢drv v 1

Iso-spectral evolution: V() =U(®)-V(Q) U '(t)

Eigenvalues of V(€2;) are constant in time



Conserved charges are eigenvalues of the operator

ie dr do aFVZ—I—ﬁf’V‘; dzl dx” d¢ d+r V.7V !
V(Qt) — P2 e fsgé(t) ( M v ) do dT — P3 eth C T j

Conserved charges are:
1) Gauge invariant V(%) = gr V() gr"
2) Independent of reference point
Ver (Q) = W TR, 2R)Va, (U)W (Tr, xR)

3) Independent of parameterization

d¢ dr VgV —1
Pg Gfﬁgé)

is path independent
4) Gives non-trivial dynamical magnetic charges to monopoles

5) Relevant for the global aspects of Yang-Mills theory



Wu-Yang and ’t Hooft-Polyakov monopoles

At spatial infinity they are the same:
1 T 1 e . |
Ai:——é‘ijk—JTk Fi':—é‘ijk—l;”f“T [TiaTj]:Zgijka
e r € r

Important property:

d—(W_lf-TW):W_lDi(fF-T)Wd - W ¢ - TW =Tk
o o
—1 | Tk Tr=(-T)
%74 FZJW—ggwkr—ZTR R =\T at rr
Charge operator:
Qszeiea fsgo dO‘dTW_lFijWCilw; ddwTj :e—ieoz fsgo d3-BF :€i47TOéTR

Conserved charges are the eigenvalues of (Jg

dz' dx’
: Qold = dodt F; =0
Text book charges: Id /S O AT L do dr

2
o0



Note however that one must have (for 5 = 0)

o te drdo 2 _ —1
QS PQG f52 do dt Pgee a(a—1) ng dCdTV CV
with

/27Td0'/ io'| /FW( ”) Zi’j cilx(: (dxgia’)dx;éa) B dx;éa’)dx;T(J)>

density of magnetic charge

(a=1) _ e—ie fsgo d¥-BE

Integral Bianchi identity implies: =1

2Tn

eigenvalues of [, dy, - B =
= e

For 'tHooft-Polyakov monopole both sides match.
Commutator plays the role of density of magnetic charge

- 1 = 0 (r

p.G=_ts o0
For Wu-Yang monopole C = 0 e r2
One needs a source of magnetic charge It satisfies Bianchi identity

C.P. Constantinidis, LAF, G. Luchini; JPA 52, 155202 (2019) in the sense of distribution theory



One can expand both sides of the integral equation in powers of «

. W dz® dzd _
Og = Py Js2 dTdoFy§ G @F Py a(@=1) [ps dCdrveyv

It implies that

1 Td’T ! 2 Td’ T/d”T "NT (7
=14+ ala—1 dC'K () + o (a — 1)? dl’ d("K (YK + ...

0

dx* dx”
do dr

27 27
with T = ie / daW_lFWW K = ¢? / drVCev—1
0 0

The 'tHooft-Polyakov monopole satisfies it for any o
(checked up to second order)

C.P. Constantinidis, LAF, G. Luchini, [1710.03359], PRD 97 (085006) (2018)



Example: (multi) Monopoles

At spatial infinity the magnetic field has the form:

1 Tk
Fij = = Eijk G0, )
d det  DiCE=0 1
But —— (W 'GW) =W ' DiGW — > W GW =Gpg

In such a case the charge operator becomes:

) —1 dz® dad .
QszezeafsgodadTW Fi; W e 2% :6247T0¢GR
Figenvalues of G are the charges
1 rank GG 25
For BPS multi-monopole solutions Gr = > ng aza - h
a=1 a

In a d-dimensional representation the eigenvalues of Gr are:

1 rank GG

- Y (mu) m(2) m(d))

2 a a Y a )y * a
a=1



The case of SU(3)

For the triplet representation the charges are

1
2—6 (n1 y 2 — N1, —n2)

and for the adjoint representation

1

2_6 (n1+n272n1_n27 _n1+2n270707 _2n1+n27n1_2n2’ _nl_nQ)

So, charges are the magnetic weights n,

The topological charges are

SU(3) = U(1) @ U(1) > Qp™ =0 = (n 4 ny)
SU(3) — SU(2) ® U(1) > Qrev-(ming o %o,
&

[arXiv:1508.03049[hep-th]] JHEP12(2015)1376)



To think further...

e Yang-Mills is equivalent to the flatness condition on loop space £(2) (5% — M)

27 27 L
A= / dT/ do'V {zeﬁJW du d:z:

WA do dT

SA+ANA=0 i / do' [ ((a =) FY + 8EY) (), (apgg +BE) (o))

0

dx®dxt (dzxf (o") . o dx’ (o) 4
“do’ do ( dr oz" (o) = 02" () dr v

(it solves parameterization problem!)

e The hidden symmetries are the gauge transformations on loop space £2)

. . g = Pyel dodr W B WG S
A—gAg ~ +0gg

AAY dx*

B T g W=

e The conserved charges are eigenvalues of the holonomy

Q — Pefspace A

e It connects to integrable field theories



Final Comments

e The important symmetries for many non-linear phenomena,
are not, in general, of the Noether type

e The concept of path independency plays an important role
in 1so-spectral evolution

e Soliton theory in two dimensions and its applications,
are based on flat connections

e Gauge theories and integrable field theories share
some very interesting structures

e After 60 years the integral Yang-Mills equations and their truly
gauge invariant charges could be constructed using concepts of
flat connections on loop spaces

e It paves the way to interesting new developments



Thank Youw

O. Alvarez, LAF, J.S. Guillen
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