Anticipative Chen-Souriau cohomology and Hochschild cohomology

Rémi Léandre

Département de Mathématiques, Institut Élie Cartan Université de Nancy I, 54000 Vandoeuvre-les-Nancy, France e-mail: leandre@iecn.u-nancy.fr

Abstract. We define random forms over the based loop space of a manifold respectively to the set of semi-martingales and we show that the stochastic cohomology is equal to the Hochschild cohomology.

Keywords: loop space, diffeology, semi-martingales, Hochschild cohomology

Mathematics Subject Classifications (2000): 55N20, 58A10, 58G32

1. Introduction

Let M be a compact manifold. Let L_x(M) be the based loop space of M. There are two stochastic cohomology theories of L_x(M).

1) In the first one, we suppose that the manifold is Riemannian. We endow the loop space L_x(M) with the Brownian bridge measure. We consider on a stochastic loop (which is only continuous), a Hilbert tangent space, which was introduced in a preliminary form by Bismut [5] and under a final form by Jones and Léandre [18]. This allows us to define Sobolev spaces of functionals [20, 21] and Sobolev spaces of forms on the Brownian bridge. The stochastic exterior derivative acts continuously on the intersection of all Sobolev spaces of forms. This allows to define some Sobolev stochastic cohomology groups of the based loop space L_x(M) [22, 23, 24]. Since there is no Sobolev imbedding theorem in infinite dimension, the space of smooth forms (those which belong to all of the Sobolev spaces) is constituted of forms which are only almost surely defined. It is the purpose of the Malliavin calculus to do analysis over objects which are almost surely defined [34]. If we consider smooth loops, the Hochschild complex constitutes an algebraic model of the loop space: If the manifold is simply connected, the de Rham cohomology groups of L_x(M) are equal to the Hochschild cohomology groups [1, 11, 16]. It is the purpose of the works of Léandre [23, 24] to show that this classical result of algebraic topology remains true for the Sobolev cohomology of the loop space. References [23] and [24] furnish a stochastic generalization of the classical result of Adams [1] and Chen [11], for the Sobolev cohomology of the loop space. Therefore, the Sobolev cohomology is equal to the deterministic de Rham cohomology of the smooth loop space.

2) The second stochastic cohomology theory deals with objects which are only almost surely defined too, but without to give a (Sobolev) number to a random

[185] G. Dito and D. Sternheimer (eds.), Conférence Moshé Flato 1999, Vol. 2, 185 – 198. © 2000 Kluwer Academic Publishers. Printed in the Netherlands.

form. The main idea goes back to the considerations of Chen [11], Souriau [36], and Iglesias [17] in the deterministic case. These authors consider a family of plots valued in the loop space (or another complicated space), which satisfy a system of axioms: This family constitutes a diffeology. A form over the loop space is seen through a plot: The problem to define an exterior derivative becomes trivial, because the exterior derivative is seen by using this system of plots. A stochastic generalization was performed in [25, 26, 27, 28]. There are two different stochastic diffeologies of the loop space: The first one uses the general theory of semi-martingales on a manifold which belong to all of the H^p [14]. The second one uses stochastic integrals with respect to a flat Brownian motion. The main interest of the second one is that stochastic integrals are in fact Hölderian (and not only continuous), and that there are partitions of unity over the Hölderian loop space [2, 3]. We work for the second stochastic diffeology over the Hölderian loop space, and we can apply the traditional tools of de Rham cohomology theory, which are strongly based upon the existence of partitions of unity. This allows to show that the stochastic cohomology of Chen-Souriau with respect of the diffeology involved with stochastic integrals is equal to the deterministic cohomology of the Hölderian loop space [26, 28]. We give in Section 2 an example of a form which is a form with respect of the diffeology involved with stochastic integrals and not with the general diffeology of semi-martingales which are in all of the H^p. (See [14].)

The purpose of this work is to compute the stochastic cohomology, when we consider a set of general semi-martingales as diffeology: We work over the continuous loop space, where there is no partition of unity in general. The interest to consider more general processes is the following: In algebraic topology, the natural object is not a manifold but a C −W complex. People in algebraic topology consider the loop space of a C −W complex which is a notion which is more general than the loop space of a manifold. A beginning of theory of random processes over an Euclidean complex was performed by Brin and Kifer in [8]. In these random processes the Walsh martingale plays an important role, which is not a stochastic integral. So the eventual generalization of stochastic homology of a C −W complex needs a more general class of random processes than stochastic integrals. With respect to this larger class of diffeology, in [27] it was already shown that the stochastic cohomology groups are invariant under differentiable homotopies. The stochastic cohomology in this sense gives an invariant under differentiable homotopies, although we are not able to compute explicitely these cohomology groups; namely, the traditional tools for computing the de Rham cohomology are inefficients.

But, if the manifold is simply connected, we know that the cohomology of the based smooth loop space is equal to the Hochschild cohomology. If we can show that the stochastic cohomology with respect to the diffeology involved with general semi-martingales is equal to the Hochschild cohomology, we will then be able to show as a consequence that the stochastic cohomology is equal to the cohomology of the smooth loop space.

The fact that the Hochschild cohomology for a simply connected manifold is equal to the cohomology of the smooth based loop space uses a spectral sequence because the based path space is a fibration over the manifold with fiber the loop space. For the Sobolev cohomology, this last property remains true by using Driver’s flow [15, 13, 24]. The work in [23] uses the quasi-invariance formulas of Albeverio-Hoegh-Krohn in order to show this property for the loop space of a homogeneous manifold.

In order to get this fibration property for this stochastic diffeology, we have to impose that the semi-martingales depend, in some sense, on the future, which give a little bit richer diffeology than the diffeology of [25].

This leads us to give a diffeological calculus with anticipating conditions. With respect to this system of anticipative plots, we get a stochastic cohomology theory which is equal to the Hochschild cohomology, therefore to the cohomology of the smooth based loop space. For this we suppose that the manifold M is simply connected.

Let us motivate the study of stochastic cohomology: Equivariant cohomology of the loop space is related to the finite-dimensional index theory [6, 7, 16]. There are series of forms over the loop space, for instance the Bismut-Chern character, and it is interesting to know if they converge in some convenient functional spaces. Moreover, the infinite-dimensional index theory is related to a theory of bundles over the loop space [19, 33, 12, 10, 37]. The simplest case of such a bundle is constituted by line bundles over the loop space [9], which is given by its curvature, if the loop space is simply connected. It becomes therefore interesting in order to speak of Hilbert spaces of sections of bundles to consider stochastic cohomology groups [29, 30, 26, 28]. In a particular case, we can consider a Kac-Moody group: Over the underlying loop group we can construct the Brownian bridge measure or another measure. For instance, we can perform a change of time over the loop group such that the typical loops are no longer Hölderian. We can define the Hilbert space of functionals over the Kac-Moody group, but in the curvature of the circle bundle of the Kac-Moody group, some stochastic integrals appear. This shows us that in the transition functional some stochastic integrals appear, where we have to deform the typical loop in the group into a constant loop. By this deformation, we get laws which are not quasi-invariant with respect of the original mesure for the non-Hölderian loops in the group. If we make a change of time over the loop group, the theory of measures over the Kac-Moody group implies an understanding of stochastic forms (which are almost surely defined) over the set of semi-martingales (see [31]).

2. Statement of the conjecture

Let M be a compact Riemannian manifold of dimension d. We embed it into the Euclidean space R^{d′} .

Let (Ω,F_t ,P) be a filtered probability space with a filtration F_t satisfying the usual conditions. A semi-martingale on M can be seen as a semi-martingale on R^{d′} constrained to be on M.

On semi-martingales from [0,1] on R^{d′} , starting from a given deterministic point on R^{d′} and which are in all of the H^p (see [14]), we construct a convenient topology: If X_t = M_t +V_t is a semi-martingale where M_t is a local martingale and V_t an adapted continuous finite variational process, we put

‖X_•‖^p = E[< M,M >^{p/2}_1 ] + E[(

∫_1 0 |dV_s|)^p]. (1)

We consider over the set of semi-martingales the Fréchet topology endowed with the family of norms ‖ · ‖_p. We call S_{∞−} the Fréchet space which is obtained from this procedure.

Definition 1 A stochastic plot ψ = (U,ϕ_i,Z_i,Ω_i) of dimension n from an open subset U of R^n is given by the following data:

i) A countable partition of Ω in measurable sets Ω_i.

ii) A smooth map ϕ_i : U × R^m → S_{∞−} for any m. This implies that ϕ_i(u,v)_• has almost surely a smooth version in (u,v) defined for the uniform topology over the set of paths in R^{d′} .

iii) A family of random variables Z_i(u) from Ω into R^m which depend smoothly on u for u ∈ U in all of the L^p. We choose a smooth version of this family by the Kolmogorov lemma [35].

iv) ϕ_i(u,Z_i(ω)(u))(ω)_• belongs almost surely to L_x(M) if ω ∈ Ω_i for the considered smooth version in (u,v) of ϕ_i(u,v)(ω)_• .

The system of stochastic plots ψ constitutes a diffeology of L_x(M). We identify two stochastic plots (U,ϕ^1_i ,Z^1_i ,Ω^1_i ) and (U,ϕ^2_i ,Z^2_i ,Ω^2_i ) if ϕ^1_i (·,Z^1_i (·))_• = ϕ^2_j (·,Z^2_j (·))_• almost surely in Ω^1_i ∩ Ω^2_j as smooth maps from U into the based loop space endowed with the uniform topology.

Definition 2 A stochastic form σ_{st} over L_x(M) is given by the following data:

i) To each stochastic plot ψ = (U,ϕ_i,Z_i,Ω_i), we associate almost surely a random smooth form over U ψ^∗σ_{st} , for almost all ω belonging to each Ω_i.

Moreover, the system of random finite-dimensional forms ψ^∗σ_{st} check the following consistency properties:

ii) Let j : U_1 → U_2 be a smooth deterministic map. Let ψ^2 = (U_2,ϕ^2_i ,Z^2_i ,Ω_i) be a stochastic plot. Let ψ^1 = (U_1,ϕ^1_i ,Z^1_i ,Ω_i) be the composite plot:

ϕ^1_i (u_1,v) = ϕ^2_i ( j ∘ u_1,v), (2)

and Z^1_i (u_1) = Z^2_i ( j ∘ u_1) almost surely as random smooth maps. Then almost surely, ψ^{1∗}σ_{st} = j^∗ψ^{2∗}σ_{st} .

iii) Let ψ^1 = (U,ϕ^1_i ,Z^1_i ,Ω^1_i ) and ψ^2 = (U,ϕ^2_j ,Z^2_j ,Ω^2_j ) be two stochastic plots. Suppose that there exist i, j, and a measurable transformation F : Ω^1_i → Ω^2_j defined over a set of measure strictly larger than 0 such that almost surely:

ϕ^1_i (·,Z^1_i (ω)(·))(ω)_• = ϕ^2_j (·,Z^2_j (Fω)(·))(Fω). (3)

Then almost surely ψ^{1∗}σ_{st} (ω) = ψ^{2∗}σ_{st} (F(ω)). (4)

Remark We will not make precise the technicalities which arise in condition iii), because we take smooth versions of ϕ^1_1 (u,Z^1_i (ω)(u))(ω), ϕ^2_j (·,Z^2_j (ω)(u))(ω), ψ^{1∗}σ_{st} (ω), and ψ^{2∗}σ_{st} (ω).

Let us give an example of stochastic forms over L_x(M) with respect to this stochastic diffeology. Let us introduce

ω̃ = ω_1 ⊗ ··· ⊗ ω_n (5)

an element of Ω_•(M)^{⊗n}, where Ω_•(M) is the set of smooth forms of degree larger than 1 over the manifold M. Let us consider the Chen form

σ_{st} (ω̃) = ∫ 0<s_1<···<s_n<1 ω_1(dγ_{s1} ,·) ∧ ··· ∧ ω_n(dγ_{sn} ,·). (6)

We can extend the forms ω_i into the forms ω_{i,e} on the Euclidean space where the manifold is imbedded. We can consider the stochastic form on U × R^m defined for a plot ψ by

σ_{U×R}m (v)(ω̃) = ∫ 0<s_1<···<s_n<1 ω_{1,e}(dϕ_i(u,v)_{s1} ,∂ ϕ_i(u,v)_{s1} ) ∧ ··· ∧ ω_{n,e}(dϕ_i(u,v)_{sn} ,∂ ϕ_i(u,v)_{sn} ). (7)

We take the derivative of ϕ_i(u,v)_s in the direction of u ∈ U and v ∈ R^m. We get by this procedure a random form over U × R^m. Let us explain a little more this formula. Suppose that ω_{i,e} is of degree r_i, such that σ_{U×R}m (v)(ω̃) is of degree N = ∑(r_i − 1). We consider vector fields over U × R^m, X_1,... ,X_N , we apply ω_{i,e}(dϕ_i(u,v)_{si} ,·) to the (r_i − 1)-uple ∂_{Xj} ϕ_i(u,v)_{si} where j runs from r_1 − 1 + r_2 − 1+··· r_{i−1} to r_1 −1+r_2 −1+··· r_i −1, and we perform the stochastic integral over the simplex. This gives by the Kolmogorov lemma [35] a random smooth multilinear expression over U ×R^m, which is partially antisymmetric. It remains to antisymmetrize the expression because we have wedge products in ω_{i,e}(dϕ_i(u,v)_{si} ,·). We have the random map from U into U × R^m denoted by Z̃_i: u → (u,Z_i(u)). We get a random smooth form over U × R^m. On Ω_i, we put

ψ^∗σ_{st} = Z̃_i^∗σ_{U×R}m (ω̃). (8)

ψ^∗σ_{st} checks clearly the hypothesis of compatibility of Definition 2 ii) because the Stratonovitch integrals are purely local. We denote by Σ(ω̃) the stochastic Chen iterated integral σ_{st} , and the map stochastic Chen iterated integral is denote by Σ.

Let us define the Hochschild boundary:

b(ω̃) = − ∑(−1)^{εi−1}ω_1 ⊗ ··· ⊗ dω_i ⊗ ··· ⊗ ω_n

− ∑^{(−1)εi ω}1^{⊗ ··· ⊗ ω}i^{∧ ω}i+1^{⊗ ··· ⊗ ω}n^{, (9)}

where ε_i = ∑_{j<i} degω_j − 1.

We can define the exterior derivative of a stochastic form σ_{st} by putting for a stochastic plot ψ:

ψ^∗dσ_{st} = dψ^∗σ_{st} . (10)

By the same proof of [25, p. 22], we get:

dσ_{st} (ω̃) = σ_{st} (bω̃). (11)

The map Σ: ω̃ → σ_{st} (ω̃) has a kernel [16]. It is defined as follows. Let us consider a smooth function f : M → R. Let S_i( f ) be the following operation: Between ω_i and ω_{i+1}, we intercalate f in the tensor product which constitutes ω̃. We get the expression ω_1 ⊗ ω_2 ⊗ ··· ⊗ ω_i ⊗ f ⊗ ω_{i+1} ⊗ ··· ⊗ ω_n. The kernel of the map stochastic Chen iterated integrals Σ is constituted of finite linear combinations [b,S_i( f )]ω̃, b being the Hochschild boundary.

H_•H_•(R,Ω_•(M),R) is the cohomology group for the Hochschild boundary of the Hochschild complex, when we consider a finite sum of elementary tensor products ω̃, with different length of tensor products, modulo the kernel of the map stochastic Chen iterated integrals.

H^∗_{st} (L_x(M)) is the cohomology group for the stochastic exterior derivative defined on stochastic differential forms by (10).

The main result of this work is the following:

ConjectureLet us suppose M simply connected. The map stochastic Chen iterated integrals induces an isomorphism between H_•H_•(R,Ω_•(M),R) and H^∗_{st} (L_x(M)).

As we shall see, the proof of this conjecture presents a difficulty. In the next part, we will prove a statement which is very close to this conjecture. Remark We give an example in a simple case of a 0-form (that is a functional) for the diffeology associated to stochastic integral which has no chance to be extended to a form over the set of semi-martingale which belong to all of the H^p. We work over R and we consider as diffeology the set of ϕ(u)_t =

∫_t 0 A_s(u)δ B_s where B_s is a flat one-dimensional Brownian motion and A_s(u) depends smoothly in all of the L^p from u belonging to the parameter space U which is an open subset of R^n. σ_{st} is defined as follows: ϕ^∗σ_{st} =

∫_1 0 A_s(u)ds and constitutes an example of a functional for our diffeology which seems difficult to extend to more general semi-martingales in R.

3. Proof of the approximated theorem of the conjecture

We recall that the based path space P_x(M) is the set of continuous maps γ_• from [0,1] into M such that γ_0 = x. We define a stochastic plot of the path space.

Definition 3 A stochastic plot ψ = (U,ϕ_i,Z_i(u),Ω_i) for an open subset U of R^n of the based path space is given by the following data:

i) A countable partition of Ω in measurable sets Ω_i.

ii) A smooth map ϕ_i : U × R^m → S_{∞−}. This implies that ϕ_i(u,v)_• has almost surely a smooth version in (u,v) defined for the uniform topology over the set of paths in R^{d′} .

iii) A family of random variables Z_i(u) from Ω into R^m depending smoothly on u ∈ U in L^p. The Kolmogorov lemma implies that there exists a smooth version of Z_i(u) [35].

iv) ϕ_i(u,Z_i(ω)(u))(ω)_• belongs almost surely to P_x(M) if ω ∈ Ω_i for the considered smooth version in (u,v) of ϕ_i(u,v)(ω).

We consider the same identification of two stochastic plots with values in P_x(M) as the equivalence relation stated after Definition 1. We have an analogous definition of a stochastic form over P_x(M) along the lines of Definition 2.

We remark that a stochastic plot over L_x(M) defines a stochastic plot over P_x(M). Therefore, by restriction, a stochastic form over P_x(M) defines a stochastic form over L_x(M).

The exterior derivative of a stochastic form over P_x(M) is defined as in (10). One of the main ingredient of the proof of the main theorem is the following, which reflects that the based path space is contractible:

Theorem 1 H^∗_{st} (P_x(M)) = R.

Proof. Let us extend the Levi-Cività connection over M, which we suppose endowed with a Riemannian metric, to a connection over R^{d′} . We get the notion of parallel transport over a stochastic plot ϕ_i(u,v)_•: We note it τ_i(u,v)_• . The main property of τ_i(u,v)_• is the following: If ω ∈ Ω_i, τ_i(u,Z_i(ω)(u))(ω)_• defines a map from T_x(M) onto T_{ϕi(u,Zi(ω)(u))(ω)•}(M), which is a rotation, because we have extended the Levi-Cevità connection from M to R^{d′} in a metric connection, and because on Ω_i, ϕ_i(u,Z_i(ω)(u))(ω)_• is an element of P_x(M). We note by ξ_i(u,v)_• the semi-martingale in R^{d′} defined in the sense of Stratonovitch by:

dξ_i(u,v)(ω)_s = τ^{−1}_i (u,v)_sdϕ_i(u,v)_s (12)

and which starts at 0. If ω ∈ Ω_i, ξ_i(u,Z_i(ω))(ω)_• is a path starting at 0 in T_x(M). We consider ε ∈ [0,1] and the path εξ_i(u,v)(ω)_s = ξ_i(ε,u,v)(ω)_s. We introduce the Stratonovitch differential equation:

dϕ_i(ε,u,v)(ω)_s = τ_i(ε,u,v)_sdξ_i(ε,u,v)(ω)_s (13)

starting at x. τ_i(ε,u,v)_s is the parallel transport over the random path which is realized by the semi-martingale ϕ_i(ε,u,v)(ω)_• . Moreover, we can suppose that the Christoffel symbols of the extended connection on R^{d′} are bounded, so that ϕ_i(ε,u,v) depends smoothly on (ε,u,v) in S_{∞−}. Moreover, if ω ∈ Ω_i, ϕ_i(ε,u,Z_i(ω)(u))(ω)_• is almost surely in P_x(M). On the other hand, ϕ_i(0,u,Z_i(ω)(u))(ω)_s = x and ϕ_i(1,u,Z_i(ω)(u))(ω)_• = ϕ_i(u,Z_i(ω)(u))(ω)_• . In others words, we have deformed the plot ψ into the constant plot by remaining in the considered set of plots. We get a plot ψ^{ext} given by (U ×[0,1],ϕ_i(ε,u,v),Z_i,Ω_i).

Let us consider a closed stochastic form σ_{st} of degree strictly larger than 0. ψ^{ext,∗}σ_{st} gives a random closed form on U × [0,1]. We consider the retraction operation from U × [0,1] to U given by g_λ (u,ε) = (u, f_λ (ε)), λ ∈ [0,1], for a convenient smooth function f_λ from [0,1] into 0 which is equal to 0 at λ = 0. Since ψ^{ext,∗}σ_{st} is closed and since a form over a point vanishes if its degree is strictly larger than 0, we get by the Cartan formula:

ψ^{ext,∗}σ_{st} = d

∫_1 0 g^∗_λ i_{∂ gλ} ∂ λ ψ^{ext,∗}σ_{st} dλ . (14)

This implies by condition ii) of Definition 2 that

ψ^∗σ_{st} = d_u

∫_1 0 g^∗_λ i_{∂ gλ} ∂ λ ψ^{ext,∗}σ_{st} dλ . (15)

Therefore σ_{st} = dσ̃_{st} if the degree of σ_{st} is strictly larger than 0. If this degree vanishes, we have by the same type of argument

ψ^∗σ_{st} = C, (16)

where C is almost surely constant by condition iii) of Definition 2, and corresponds to the value of σ_{st} associated to the constant stochastic plot. ■

Let us recall what is the Hochschild complex associated to the based path space. Let ω̃ = ω_1 ⊗ ··· ⊗ ω_n (17) be an element of the algebraic tensor product Ω_•(M)^{⊗n−1} ⊗ Ω(M), where Ω(M) denotes the set of smooth forms over M without any restriction upon the degree. Let us consider the Chen form:

σ_{st} (ω̃) = ∫ 0<s_1<···<s_{n−1}<1 ω_1(dγ_{s1} ,·) ∧ ··· ∧ ω_{n−1}(dγ_{sn−1} ,·) ∧ ω_n. (18)

We can extend the forms ω_i to forms ω_{i,e} on the Euclidean space where the manifold is imbedded. Let ψ be a stochastic plot over P_x(M). Instead of (7), we consider the iterated integral between 1 and n − 1 and we consider the wedge product by ω_{n,e}(∂ ϕ_i(u,v)_1). σ_{st} (ω̃) is a Chen form over the based path space of degree ∑^{n−1}_0 (deg(ω_i) − 1) + deg(ω_n). Moreover, dσ_{st} (ω̃) = σ_{st} (bω̃) where b is given by the same formula as in (9).

The kernel of the operation stochastic Chen iterated integral is given just after Equation (11). We get a complex, called the algebraic Hochschild complex, which operates over finite sums, and we denote its cohomology groups by H_•H_•(R,Ω_•(M),Ω(M)).

Theorem 2 H_•H_•(R,Ω_•(M),Ω(M)) = H^∗_{st} (P_x(M)).

Proof. We refer to [16] or [22, Theorem II.8] for the details of the proof. It is based upon a contraction from Ω_•(M)^{⊗n} ⊗ Ω(M) into Ω_•(M)^{n+1} ⊗ Ω(M) which to ω_1 ⊗ ··· ⊗ ω_{n+1} associates ω_1 ⊗ ··· ⊗ ω_{n+1} ⊗ 1 if the degree of ω_{n+1} is strictly larger than 0, and which associates 0 otherwise. ■

Let O be an open subset of M: P_O(M) denotes the set of based paths γ_• such that γ_0 = x and such that γ_1 ∈ O. We can give the definition of a stochastic plot with values in P_O(M). In Definition 3, we replace the condition iv) by the condition that ϕ_i(u,Z_i(ω)(u))(ω)_• belongs almost surely to P_O(M) if ω ∈ Ω_i. Associated to this system of stochastic plots with values in P_O(M), we can define a system of stochastic forms Λ_{st} (P_O(M)) over P_O(M). There is another way, which was used in [26] to define a stochastic form over P_O(M), by starting from the full set of stochastic plots over the total based path space P_x(M).

Definition 4 A stochastic form σ_{st} ∈ Λ^′_{st} (P_O(M)) is given by the following data: Let ψ = (U,ϕ_i,Z_i,Ω_i) be a stochastic plot over P_x(M). To ψ we associate U(ω) the random open subset of U such that, if ω ∈ Ω_i, ϕ_i(u,Z_i(ω)(u))(ω)_• belongs to P_O(M). We associate a random smooth form ψ^∗σ_{st} over U(ω), which checks the analoguous consistency relations ii) and iii) of Definition 2.

Remark In Definition 1, the parameter set U is deterministic, while in Definition 2, the parameter set U(ω) ⊆ U is random.

Proposition 1 Λ^′_{st} (P_O(M)) is included in Λ_{st} (P_O(M)).

Proof. The statement is clear, because a stochastic plot with values in P_O(M) is still a stochastic plot with values in P_x(M). Let us show what is the difficulty in order to show the converse inclusion. Let σ_{st} be an element of Λ_{st} (P_O(M)), and let ψ = (U,ϕ_i,Z_i(u),Ω_i) be a stochastic plot over P_x(M). R^n has a countable basis of neighborhoods. Let U_m, m ∈ Z be such a basis. We construct a stochastic plot ψ_m = (U_m,φ_i,Z_i,Ω^′_i) with values in P_O(M): We consider the subset of Ω_i, denoted by Ω^′_i, such that if u ∈ U_m, ϕ_i(u,Z_i(ω)(u))(ω)_• belongs to P_O(M). If ω does not belong to the union of the Ω^′_i, we choose any deterministic curve with bounded variation belonging to P_O(M). We deduce a random form over U_m. The problem now is that U(ω) is an union of U_m and that the set of subsets of Z is not countable. ■

The main property of the set Λ^′_{st} (P_O(M)) is described as follows.

Proposition 2 Let O_i be a finite open cover of M and g_i be a partition of unity subordinated to it. Let σ^i_{st} belong to Λ^′_{st} (P_{Oi} (M)). Then ∑g_i(γ_1)σ^i_{st} defines an element of Λ_{st} (P_x(M)).

Proof. It is clear, because if we consider a plot ψ = (U,ϕ_i,Z_i,Ω_i) with values in P_{Oi} (M) over U(·), then ψ^∗g_i(γ_1)σ^i_{st} determines a smooth form over U. ■

We will slightly modify the notion of a stochastic form over L_x(M): We will generalize it to the space of paths joining x to y, denoted by L_{x,y}(M).

Definition 5 A stochastic form σ_{st} over L_{x,y}(M) is given by the following data:

To each stochastic plot ψ = (U,ϕ_i,Z_i(u),Ω_i) over P_x(M), we associate almost surely a random smooth form ψ^∗σ_{st} for almost all ω belonging to each Ω_i over the interior U(ω) of the subset of U such that ϕ_i(u,Z_i(ω)(u))(ω_• )_• ∈ L_{x,y}(M).

Moreover, the set of random finite-dimensional forms ψ^∗σ_{st} satisfy over U(ω) the analoguous consistency relations ii) and iii) of Definition 3.

The set of stochastic forms in this sense is denoted by Λ^′_{st} (L_{x,y}(M)).

Remark In the Definition 2 ii), the parameter set U is deterministic. In Definition 5, it is random.

We can define the stochastic exterior derivative of a stochastic form in the sense of Definition 5 as in (10). We get stochastic cohomology groups denoted by H^∗(Λ^′_{st} (L_{x,y}(M)).

Proposition 3 For any y ∈ M, H^∗(Λ^′_{st} (L_{x,y}(M)) is equal to H^∗(Λ^′_{st} (L_x(M)).

Proof. Let g_t (z) be a smooth family of diffeomorphisms of M extended to a smooth family in t ∈ [0,1] of diffeomorphisms of R^{d′} with bounded derivatives of all orders as well as their inverse. We suppose that g_0(x) = x and g_1(y) = x. Let ψ = (U,ϕ_i,Z_i(u),Ω_i) be a stochastic plot over P_x(M) with values in L_{x,y}(M) over U(·). We associate to it the stochastic plot g_•ψ = (U,g_• ∘ ψ,Z_i(u),Ω_i). This gives a bijection between stochastic plots with values in L_{x,y}(M) over U(·) and stochastic plots with values in L_x(M) over U(·). Let σ_{st} be an element of Λ^′_{st} (L_x(M)). We associate to g^∗σ_{st} an element of Λ^′_{st} (L_{x,y}(M)) defined as follows: Let ψ be a stochastic plot with values in L_{x,y}(M) over U(·). We have ψ^∗(g^∗σ_{st} ) = (gψ)^∗σ_{st} . This definition has a sense because gψ is a stochastic plot with values in L_x(M) over U(·). Clearly, g^∗ induces a bijection from Λ^′(L_x(M)) to Λ^′_{st} (L_{x,y}(M)) which is compatible with the stochastic exterior derivative because:

ψ^∗(d(g^∗σ_{st} )) = dψ^∗(g^∗σ_{st} ) = d(gψ)^∗σ_{st} = (gψ)^∗(dσ_{st} ) = ψ^∗(g^∗dσ_{st} ). (19)

Therefore the proposition holds. ■

Remark This isomorphism property is uniquely based upon the Itô formula and is much more simpler to prove than the isomorphism formula for stochastic cohomology groups in the sense of Nualart-Pardoux [23, 24] based upon the Albeverio- Hoegh-Krohn quasi-invariance formulas or upon Driver’s flow, which brings into heavy technicalities. This remark also relevant for the following proposition.

Proposition 4 Let O be a small convex neighborhood of y in M. Then the group H^∗(Λ^′_{st} (L_{x,y}(M))) is equal to H^∗(Λ^′_{st} (P_O(M))).

Proof. Let λ ∈ [0,1] and t ∈ [0,1]. We consider a smooth family of maps parameterized by λ and t from R^{d′} × R^{d′} into R^{d′} with bounded derivatives of all orders such that:

1) g_{λ ,0}(x,z^′) = x.

2) z → g_{λ ,t} (z,z^′) is a diffeomorphism of M with bounded derivatives of all orders as well as its inverse. This diffeomorphism is equal to Id_M at t = 0.

3) z → g_{λ ,t} (z,y) is equal to Id_M.

4) z → g_{1,t} (z,z^′) is equal to Id_M.

5) z → g_{·,1}(z,z) realises a retraction from O onto y.

Let ψ = (U,ϕ_i,Z_i(u),Ω_i) be a plot in P_x(M) and s → g_{λ ,s}(ψ_s,ψ_1) be its associated plot. We get another plot in P_x(M), denoted g_{λ ,•}(ψ). If ψ is in P_O(M) over U(·) ⊆ U, g_{λ ,•} (ψ) is still in P_O(M) over the same U(·), if λ ≠ 0. We deduce a map g^∗_{λ ,•} from Λ^′_{st} (P_O(M)) into Λ^′_{st} (P_O(M)). If λ = 0,g_{0,•}(ψ) is a plot with values in L_{x,y}(M) over U(·). We deduce a map g^∗_{0,•} from Λ^′_{st} (L_{x,y}(M)) into Λ^′_{st} (P_O(M)) as in the proof of Proposition 3, which preserves the exterior stochastic differential. We deduce a map g^∗_{0,•} from H^∗(Λ^′_{st} (L_{x,y}(M)) into H^∗(Λ^′_{st} (P_O(M)). Let i^∗ the inclusion map from Λ^′_{st} (P_O(M)) into Λ^′_{st} (L_{x,y}(M)), which has a sense by the definition of

Λ^′_{st} (L_{x,y}(M)). This extends to a map of the cohomology group H^∗(Λ^′_{st} (P_O(M))) into H^∗(Λ^′_{st} (L_{x,y}(M))).

By 3), i^∗g^∗_{0,•} = I_d in cohomology, because it is the identity at the level of forms. Let us show that g^∗_{0,•}i^∗ = Id in cohomology. The proof closely follows the proof of Lemma II.7 of [26], Lemma 4.9 of [28], Theorem III.3 of [27], and Theorem 1. We consider the plot ψ^{ext} indexed by U × [0,1], g_{λ ,•} (ψ). Suppose that ψ takes its values in P_O(M) over U(·) ⊆ U. The main remark is the following: ψ^{ext} still takes its values in P_O(M) over U(·) × [0,1]. Suppose that σ_{st} over P_O(M) is closed. We deduce a random finite-dimensional form over U(·) × [0,1] (ψ^{ext} )^∗σ_{st} . We have a retract from U × [0,1] into U: (u,λ ) → (u, f_ε (λ )). We apply the Cartan formula as in (2.16) of [26] or (14) of Theorem 3, λ and ε being interchanged. By (2.17) of [26], we deduce that σ_{st} = g^∗_{0,•}i^∗σ_{st} + dσ̃_{st} . This shows the result. ■

We can now state the main result of this section.

Theorem 3 Let us suppose that M is simply connected. Then the cohomology group H^∗(Λ^′_{st} (L_x(M))) is equal to H_•H_•(R,Ω_•(M),R).

Proof. Let O_i be a cover by small open convex subsets of M. Let O_{i0,...,ir} = ∩O_{i j} . We consider the set Λ^′_{st} (P_{Oi0,...,ir} (M) endowed with 2 gradings:

1) r, the length of the intersection minus 1.

2) The degree of the stochastic form.

There is a bicomplex associated to this bigrading. It is the Cech complex δ in the length of the intersection, and, in the degree of the stochastic form, it is the stochastic exterior derivative.

There are two spectral sequences which converge to the total cohomology of the bicomplex. But by Proposition 2, τ_{st} = ∑g_i(γ_1)σ_{st,i,i0 ,...,ir−1} , where g_i is a smooth partition of unity associated to O_i, is a stochastic form such that δ τ_{st} = σ_{st} . Therefore the two spectral sequences converge to the stochastic cohomology groups of the path space.

The remaining of the proof is exactly the same as the remaining of the proof of this statement for Sobolev cohomology groups of the loop space (see [23, 24, 16]).

We consider a small contractible open subset of M: We see that the cohomology group H_•H_{•O}(R,Ω_•(M),Ω^O(M)) is equal to the cohomology group H_•H_•(R,Ω_•(M),R) where in H_•H_{•O}(R,Ω_•(M),Ω^O(M)) we consider the last form ω_n in (18) which is a form over O instead of M. (See [23, Lemma II.6].) Over the set of Chen forms with support in O_{i0,...,ir} included in M, there is a bigrading: The length of the intersection O_{i0,...,ir} and the degree associated to the Hochschild boundary which corresponds to the degree of the associated form over the path space. We get a spectral sequence where the Hochschild boundary (or the stochastic exterior derivative) is the vertical complex and the horizontal complex is the

Cech complex. The map stochastic Chen iterated integral preserves these 2 spectral sequences.

The first term E^{p,q}_1 of the spectral sequence is the space of the Cech complex with values in the presheaf H^q(Λ^′_{st} (P_O(M))) which is locally constant because H^∗(Λ^′_{st} (P_O(M))) is equal to H^∗(Λ^′_{st} (L_x(M))) for a small open contractible set O. But it is constant since M is simply connected. Therefore E^{p,q}_2 = H^p(M) ⊗ H^q(Λ^′_{st} (L_x(M)).

It is the same for the spectral sequence associated to the Hochschild complex. Therefore E^{p,q}_2 = H^p(M) ⊗ H_•H^q_• (R,Ω_•(M),R).

The map iterated stochastic Chen integral induces a map of spectral sequences. It induces an isomorphism by Theorem 3 on E_∞. If it induces an isomorphism on E^{p,0}_2 , it will induce by the Zeeman comparison theorem [32] an isomorphism on E^{0,q}_2 . These facts will show the theorem.

But H^0(Λ^′_{st} (L_x(M))) = R. Namely, H^0(Λ_{st} (P_x(M))) = R (see Theorem 2). We consider the spectral sequence associated to the Cech coboundary δ as horizontal complex and to the stochastic exterior derivative d as vertical complex. E^{p,q}_2 = H^p(M) ⊗ H^q(Λ^′_{st} (L_x(M))), because M is simply connected. Since we have a first quadrant spectral sequence, then E^{0,0}_l = E^{0,0}_∞ and E^{0,0}_∞ = H^0_{st} (P_x(M)) = R. (See [4] for a proof in the cae of smooth loop space.) The same argument holds for H_•H^0_• (R,Ω_•(M),R). ■

References

1. Adams, J. F.: On the cobar construction, Proc. Nat. Acad. Sci. U.S.A. 42 (1956), 409–412. 2. Bonic, R. and Frampton, J.: Smooth functions on Banach manifolds, J. Math. Mech. 15 (1966), 877–898.

3. Bonic, R., Frampton, J., and Tromba, A.: Λ-manifolds, J. Funct. Anal. 3 (1969), 310–320. 4. Bott, R. and Tu, L. W.: Differential forms in algebraic topology, Springer, Heidelberg, 1986. 5. Bismut, J.-M.: Large deviations and the Malliavin Calculus, Progress in Mathematics, 45.

Birkhäuser Boston, Inc., Boston, Mass., 1984.

6. Bismut J.-M.: Index theorem and equivariant cohomology of the loop space, Comm. Math.

Phys. 98 (1985), 213–237.

7. Bismut, J.-M.: Localisation formulas, superconnections and the index theorem for families, Comm. Math. Phys. 103 (1986), 127–166.

8. Brin, M. and Kifer, Y.: Brownian motion, harmonic functions and hyperbolicity for euclidean complexes, To appear in Math. Zeit.

9. Brylinski, J.-L.: Loop spaces, characteristic classes and geometric quantization, Progress in Mathematics, 107. Birkhäuser Boston, Inc., Boston, MA, 1993.

10. Carey, A. L. and Murray, M. K.: String structure and the path fibration of a group, Comm.

Math. Phys. 141 (1991), 441–452.

11. Chen, K. T.: Iterated path integrals of differential forms and loop space homology, Ann. of Math. 97 (1973), 213–237.

12. Coquereaux, R. and Pilch, K.: String structures on loop bundles, Comm. Math. Phys. 120 (1989), 353–378.

13. Cross, C. M.: Differentials of measure-preserving flows on path space, preprint.

198 R. LÉANDRE

14. Dellacherie, C. and Meyer, P. A.: Probabilités et potentiel. II, Hermann, Paris, 1980. 15. Driver, B.: Cameron-Martin type quasi-invariance theorem for the Brownian motion on a compact manifold, J. Funct. Anal. 110 (1992), 272–376.

16. Getzler, E., Jones, J. D. S., and Petrack, S.: Differential forms on a loop space and the cyclic bar complex, Topology 30 (1991), 339–373.

17. Iglesias, P.: Thesis, Université de Provence, 1985.

18. Jones, J. D. S. and Léandre, R.: L^p-Chen forms on loop spaces, in: M. T. Barlow and N. H.

Bingham, (eds.), Stochastic analysis (Durham 1990), London Math. Soc. Lecture Note Ser., 167, Cambridge University Press, Cambridge, 1991, pp. 103–162.

19. Jones, J. D. S, and Léandre, R.: A stochastic approach to the Dirac operator over the free loop space, in: Loop spaces and groups of diffeomorphisms, Proceedings of the Steklov Institute, 217, Moscow, 1997, pp. 258–287.

20. Léandre, R.: Integration by parts and rotationnaly invariant Sobolev Calculus on free loop spaces, in: R. Gielerak and A. Borowiec, (eds.), Infinite dimensional geometry in physics (Karpcaz 1992), J. Geom. Phys. 11 (1993), 517–528.

21. Léandre, R.: Invariant Sobolev Calculus on free loop space, Acta Appl. Math. 46 (1997), 267– 350.

22. Léandre, R.: Cohomologie de Bismut-Nualart-Pardoux et cohomologie de Hochschild entière, in: J. Azéma et al., (eds.), Séminaire de Probabilités, XXX, in honour of P. A. Meyer and J. Neveu, Lectures Notes in Math., 1626, Springer, Berlin, 1996, pp. 68–100.

23. Léandre, R.: Brownian cohomology of an homogeneous manifold, New trends in stochastic analysis (Charingworth 1994), World Sci. Publishing, River Edge, NJ, 1997, pp. 305–347.

24. Léandre, R.: Stochastic Adams theorem for a general compact manifold, to appear in Rev.

Math. Phys.

25. Léandre, R.: Singular integral homology of the stochastic loop space, Infin. Dimens. Anal.

Quantum Probab. Relat. Top. 1 (1998), 17–31.

26. Léandre, R.: Stochastic cohomology of Chen-Souriau and line bundle over the Brownian bridge, to appear in P.T.R.F.

27. Léandre, R.: Stochastic diffeology and homotopy, preprint.

28. Léandre, R.: A sheaf theoretical approach to stochastic cohomology, to appear in Rep. Math.

Phys.

29. Léandre, R.: String structure over the Brownian bridge, J. Math. Phys. 40 (1999), 454–479. 30. Léandre, R.: Hilbert space of spinor fields over the free loop space, Rev. Math. Phys. 9 (1997), 243–277.

31. Léandre, R.: A unitary representation of the basical central extension of a loop group, to appear in Nagoya Math. J.

32. McCLeary, J.: User’s guide to spectral sequence, Publish or Perish, Inc., Wilmington, Del., 1985.

33. MacLaughlin, D.: Orientation and string structures on loop spaces, Pac. J. Math. 155 (1992), 143–156.

34. Malliavin, P.: Stochastic analysis, Springer-Verlag, Berlin, 1997.

35. Meyer, P. A.: Flot d’une équation différentielle stochastique, Séminaire de Probabilités, XV, Lectures Notes in Math. 850, Springer, Berlin-New York,, 1981, pp. 103–117.

36. Souriau, J.-M.: Un algorithme générateur de structures quantiques, in: Élie Cartan et les mathématiques d’aujourd’hui (Lyon 1984), Astérisque, Société Mathématique de France, Paris, 1985, pp. 341–399.

37. Witten, E.: The index of the Dirac operator in loop space, Elliptic curves and modular forms in algebraic topology (Princeton 1986), Lectures Notes in Math. 1326, Springer, Berlin, 1988, pp. 161–181.