Projectable star-products

Santos Asin Lares

The Abdus Salam ICTP, Mathematics Section, Strada costiera 11, Trieste 34100, Italy e-mail: sasin@ictp.trieste.it

Abstract. We give a contravariant version of Fedosov’s construction of star-products on symplectic manifolds. This result is used to provide an alternative construction of star-products on Abelian Poisson Lie groups.

Keywords: star-product, deformation quantization, Fedosov quantization

Mathematics Subject Classifications (2000): 58F06, 81S99, 81S10

To the memory of Moshé Flato

1. Introduction

The theory of formal deformation quantization of Poisson manifolds was introduced by Bayen et al. [1]. The main notion of this theory is the concept of a star-product on a Poisson manifold N, that is, a particular associative algebraic structure ∗ on the space C^∞(N)[[h]] of formal power series in h whose coefficients are smooth functions on N. The general question of the existence of such a product for symplectic manifolds has been completely solved by several authors, using various techniques [3, 5, 10]. Recently, M. Kontsevich has proved the existence of star-products on arbitrary finite-dimensional Poisson manifolds [8].

In this note, we consider whether a star-product can be constructed on an arbitrary Poisson manifold N by “projecting” a star-product from a symplectic manifold M. More precisely, let ∗_M be a star-product on M, and let ϕ : M → N be a surjective smooth submersion. A star-product ∗_M on M is said to be projectable by ϕ if ϕ^∗C^∞(N)[[h]] is a subalgebra of (C^∞(M)[[h]],∗_M ); such star-product induces a star-product in N.

In Fedosov’s geometrical construction of star-products on a symplectic manifold M one builds a formal algebra bundle, the so-called Weyl bundle, and a flat connection on it. One then shows that the algebra of flat sections of this bundle is in bijection with C^∞(M)[[h]]. Therefore, one may attempt to choose the connection in such a way that a natural subalgebra of the algebra of flat sections is identified with ϕ^∗C^∞(N)[[h]]. Here we shall show that this can be done in the particular case of Abelian Poisson Lie groups. In order to do this, we use a “contravariant” version of Fedosov’s construction which seems to have some advantages if one wishes to project star-products.

[37] G. Dito and D. Sternheimer (eds.), Conférence Moshé Flato 1999, Vol. 2, 37 – 44. © 2000 Kluwer Academic Publishers. Printed in the Netherlands.

2. Preliminaries

Let (M,π) be a Poisson manifold, let Ω_p(M) and Ω^p(M) be the spaces of p-vectors and p-forms on M. Let π^# : T^∗M → T M be the bundle map defined by ⟨π^#(α),β ⟩ = π(α,β ), α,β ∈ Ω^1(M). For simplicity we write π^#(α) = α^#. A Poisson manifold is called symplectic if the map π^# is an isomorphism, in such a case, we shall denote the inverse map by ♭. The existence of a Lie bracket of 1-forms on (M,π) allows to define a coboundary operator ~∂ (i.e., ~∂^2 = 0) on Ω_∗(M) := ⊕_{p=0}Ω_p(M) by setting

~∂ P(α_o,... ,α_p) =^p∑ i=0 (−1)^iα^#_i (P(α_0,... ,α̂_i,... ,α_p)) + ∑_{i< j}^{(−1)i+ jP({α}i^{,α} j^{},α}0^{,... ,α̂}i^{,... ,α̂} j^{,... ,α}p^{).} Definition 1. ([11]) Let p : E → M be a vector bundle over (M,π). A contravariant connection is a map that assigns to each α ∈ Ω^1(M) and s ∈ Γ(E) another smooth section ∇_α s ∈ Γ(E) such that, for f ∈ C^∞(M),

∇_α f = α^# f , ∇_{f α} s = f ∇_α s, and ∇_α ( f s) = f ∇_α s + (α^# f )s.

We use the contravariant connection to define a contravariant differential of E-valued vectors, i.e., a map ~∂^∇ : Γ(Ω_p(M) ⊗ E) → Γ(Ω_{p+1}(M) ⊗ E), p ≥ 0, by means of the formula

~∂^∇s(α_o,... ,α_p) =^p∑ i=0 (−1)^i∇_{αi} (s(α_0,... ,α̂_i,... ,α_p)) + p ∑_{i< j}^{(−1)i+ js({α}i^{,α} j^{},α}0^{,... ,α̂}i^{,... ,α̂} j^{,... ,α}p^{).} 3. Contravariant construction of star-products

Definition 2. ([1]) A ∗-product on (M,π) is a bilinear map C^∞(M) ×C^∞(M) → C^∞(M)[[h]] defined by

( f ,g) → f ∗ g = ∞ ∑_{n=0}^{hnC}n^{( f ,g),}

where C_0( f ,g) = f g, C_1( f ,g) = π(d f ,dg), and for n ≥ 2, C_n is a bilinear map with values in C^∞(M), which vanishes on the constants and satisfy the following relation

∑_{r+s=k}^Cr^{(C}s^{( f ,g),h) =} ∑_{r+s=k}^Cr^{( f ,C}s^{(g,h)), k ≥ 0.}

Let π be the Poisson bivector on R^{2n} associated to the canonical symplectic form ω. Let us consider the coordinates (y^1,... ,y^{2n}) of R^{2n} as elements of R^{2n ∗}, let h be a formal parameter, and let π^{i j} = π(y^i,y^j). We assign the degree 1 to each y^i and degree 2 to the parameter h.

Definition 3 The formal Weyl algebra W associated to (R^{2n} ,π) is the space of formal series W = { a(y,h) = ∞ ∑_{m=0} ∑_{2k+p=m}^ak,i_1 ,...,i_p^{hkyi1 ··· yip |}

a_{k,i1 ,...,ip} ∈ R is symmetric in i_1,... ,i_p }

with the associative product (the Weyl product)

a ∘ b = ∞ ∑_{k=0} ( h 2 )_k 1 k! π^{i1 j1} ··· π^{ik jk}

∂^ka ∂ y^i1 ··· ∂ y^ik

∂^kb ∂ y^j1 ··· ∂ y^jk . The contragredient action of the natural action of the symplectic group Sp(2n,R) on R^{2n} extends naturally to an action ρ on W , which respects the Weyl product, that is to say, Sp(2n,R) acts by automorphisms of W .

Definition 4 Let (M,π) be a symplectic manifold, and let F(M) be its symplectic frame bundle. The associated bundle W := F(M) ×_{Sp(n,R),ρ} W is called the (formal) Weyl bundle.

The space of sections Γ(W ) with respect to pointwise multiplication forms an associative algebra. Furthermore, one defines the product of X ⊗ a, X^′ ⊗ a^′ ∈ Γ(Ω_∗(M) ⊗ W ) by setting (X ⊗ a) ∘ (X^′ ⊗ a^′) = X ∧ X^′ ⊗ a ∘ a^′, and a graded Lie algebra structure on Γ(Ω_∗(M) ⊗ W ) by setting

[s_1,s_2] = s_1 ∘ s_2 − (−1)^{q1q2} s_2 ∘ s_1, s_i ∈ Γ(Ω_{qi} (M) ⊗ W ).

Following [5], we define two linear operators δ : Γ(Ω_q(M)⊗W ) → Γ(Ω_{q+1}(M)⊗ W ) and δ^∗ : Γ(Ω_q(M) ⊗ W ) → Γ(Ω_{q−1}(M) ⊗ W ), q ≥ 1, as follows. Let π̂ := ∑^{2n}_{i=1}^∂_{∂ x}i ⊗ y^i

δ a = 1 h [π̂,a], δ^∗(a) = 2n ∑_{k=1}^{yki}_( ∂_{∂ xk )}♭^{a, a ∈ Γ(Ω}q^{(M) ⊗ W ), (1)}

where i stands for the interior product of a 1-form and a p-vector. If q = 0, we set δ^∗a = 0.

Lemma 1 The operators δ and δ^∗ do not depend on the choice of local coordinates, and satisfy δ^2 = δ^{∗2} = 0. Furthermore, the operator δ is a graded derivation.

Note that any a ∈ Γ(Ω_∗(M) ⊗ W ) can be written (locally) as

a = ∑_{2k+p≥0,q≥0}^{hka}k, j_1 ,..., j_q,i_1,...,i_p^∂_{∂ x j1}^{∧ ··· ∧ ∂}_{∂ x jq}^{⊗ yi1 ··· yip =:} ∑_{q≥0, p≥0}^aqp^{, (2)}

where the coefficients are mixed tensors symmetric in i_1,... ,i_p and antisymmetric in j_1,... , j_q. In particular, a_{00} = ∑_{k≥0} h^ka_k, and so if we define the operator δ^{−1} acting on a monomial a_{qp} by δ^{−1}(a_{00}) = 0, and δ^{−1}(a_{qp}) =^1_{q+p} δ^∗(a) if q+ p > 0, then we get the decomposition

(δ δ^{−1} + δ^{−1}δ )(a) = a − a_{00}, a ∈ Γ(Ω_∗(M) ⊗ W ). (3)

Flat connections on the Weyl bundle An almost symplectic connection ∇^′ on a symplectic manifold (M,π) induces a contravariant connection on T M by setting ∇_α X := ∇^′_{α #} X. Moreover, using the contravariant differentiation of the coefficients in (2), we define a contravariant differential on W as an operator ∂ : Γ(W ) → Γ(Ω_1(M) ⊗ W ) by setting ∂ a = ∑_i^∂_{∂ x}i ⊗∇_{dx}i a. A calculation yields that in a Darboux coordinate system, ∂ is given by ∂ a = ~∂ a + 1 2h [^{2n}

∑_{i, j,r=1}^{πirΓr}j^{⊗ yiy j,a], a ∈ Γ(W ), (4)}

where Γ^r_j is the connection matrix of 1-vectors (of the connection ∇). A simple calculation shows that the curvature of ∂ is given by ∂^2a =^1_h [R̄,a], where R̄ = 1 2 ∑^{2n}_{r,l,k=1} π^{rl} R^l_k ⊗ y^ry^k and R^i_j is the curvature matrix of 2-vectors.

Now we look for a flat connection D of the type D = ∂ − δ +^1_h [r,·], where r is a W -valued 1-vector. The condition for D to be flat is that the element π + ∂ π̂ + R̄ + ∂ r − δ r +^1_{2h} [r,r] has to be a central element of Γ(Ω_∗ ⊗ W ).

Note that there is a filtration in the Weyl algebra W ⊃ W_1 ⊃ W_2 ⊃ ··· with respect to the total degree 2k + p of the terms of the series (2): W_k ={elements of degree ≥ k}. The proof of the following lemma follows exactly the same pattern as the one given in [5].

Lemma 2 If r_0 ∈ Γ(Ω_1(M) ⊗W_k), k ≥ 2, then the equation r = r_0 + δ^{−1}(∂ r + 1 2h [r,r]) has a unique solution belonging to Γ(Ω_1(M) ⊗W_k).

The contravariant version of Theorem 5.2.2 in [5] is as follows.

Theorem 1 Let π̄ = ∑_{i≥1} h^iπ_i be a series of σ-closed 2-vectors on M. The equation δ r = −∂ π̂ + R̄ + ∂ r + 1 2h [r,r] − π̄, (5)

has a unique solution r ∈ Γ(Ω_1(M) ⊗ W ) satisfying the normalization condition δ^{−1}r = 0, and such that the W -degree of the leading term of r is at least 2.

Proof. Let r_0 = δ^{−1}(−∂ π̂ + R̄− π̄), and observe that deg r_0 ≥ 2, so from Lemma 2 we deduce the existence of a unique solution r of the equation r = δ^{−1}(−∂ π̂ +R̄− π̄) + δ^{−1}∂ r +^1_{2h} δ^{−1}[r,r]. Moreover, since (δ^{−1})^2 = 0 it follows that δ^{−1}r = 0.

In order to prove that r is a solution of Equation (5), we set K = δ r + ∂ π̂ − R̄ − ∂ r −^1_h r^2 + π̄. Using the decomposition (3) and the fact that r is a 1-vector (so r_{00} = 0), we get δ^{−1}K = 0. Furthermore,

DK = 1 h [∂ π̂,r] + 1 h [r,∂ π̂] + ∂^2π̂ − ∂ R̄ + δ R̄ − δ ∂ π̂ = −δ ∂ π̂ = 1 2h ∂ [π̂,π̂] = 0. Hence it follows that K can be written as K = δ^{−1}(∂ K +^1_h [r,K]). Applying the iteration method to the above equation we can conclude that K = 0 and the theorem follows. ■

Since D acts as a derivation the space Γ_D(W ) := {a ∈ Γ(W ) | Da = 0} is a subalgebra of Γ(W ), and Theorem 5.2.4 in [5] becomes:

Theorem 2 Given a flat contravariant connection D, for any a_0 ∈ C^∞(M)[[h]] there is a unique a ∈ Γ_D(W ) such that a(x,0,h) = a_0(x,h).

Proof. The proof of the theorem follows exactly the same pattern as the one given in [5]. ■

Finally, using the symbol map σ^{−1} : Γ_D(W ) → C^∞(M)[[h]], σ^{−1}(a) = a(x,0,h), and the above theorem one deduces the existence of star-product on M by setting a ∗ b = σ^{−1}(σ(a) ∘ σ(b)), a,b ∈ C^∞(M)[[h]]. (6)

4. Star-products on Abelian Poisson Lie Groups Definition 5. ([4]) A Lie group G is called a Poisson Lie group if it is also a Poisson manifold such that the multiplication map m : G×G → G is also a Poisson map, where G × G is equipped with the product Poisson structure.

In what follows we shall assume that G is a real connected Lie group with Lie algebra g. Let R_g be the right translation of G by g. We denote by π_r : G → ∧^2g the map defined by π_r(g) = dR_{g−1}π(g) and by d_eπ_r its differential at the identity e ∈ G.

Theorem 3. ([4, 9]) The following conditions are equivalent: 1. (G,π) is a Poisson-Lie group.

2. The Poisson structure π satisfies π(e) = 0, and L_X π is right invariant, whenever X is a right invariant vector field, where L_X π denotes the Lie derivative of π with respect to X.

3. The dual map (d_eπ_r)^∗ : ∧^2g^∗ → g^∗ of d_eπ_r defines a Lie algebra structure on g^∗.

Let G^∗ be the dual group of G, i.e., the connected and simply connected Lie group whose Lie algebra is g^∗. Recall that there exists [9] a unique Poisson structure, say π^∗ on G^∗ which induces the Lie algebra structure of g.

Next we shall endow the space G × G^∗ with a Poisson structure so that we can search for projectable ∗-products under the projection p_1 : G × G^∗ → G, p_1(g,g^∗) = g.

Let X̃_i, 1 ≤ i ≤ n, be n right-invariant vector fields on G forming a global frame on it, let X̃_{n+i} be the right-invariant vector fields on G^∗ corresponding to the dual basis of X̃_i(e), and let p_2 : G×G^∗ → G^∗ be the projection onto the second factor. We denote by X_i,X_{n+i} the 2n vector fields on G×G^∗ such that d p_1(X_i) = X̃_i, d p_2(X_i) = 0, d p_1(X_{n+i}) = 0, d p_2(X_{n+i}) = X̃_{n+i}, and by C^k_{i j} (resp. D^{i j}_k ) the structure constants of g (resp. g^∗) relative to the basis X̃_i(e) (resp. X̃_{n+i}(e^∗)). The following result was first considered in [7].

Proposition 1 Let (G,−π) be a Lie Poisson group, let −π + π^∗ be the product Poisson structure on G × G^∗, and let ψ = ∑_i X_i ∧ X_{n+i}. Then, the 2-vector Λ = ψ − π + π^∗ determines a Poisson structure on G × G^∗.

Proof. It is enough to prove that [Λ,Λ]_s = 0. By linearity of the Schouten bracket one gets

[ψ − π + π^∗,ψ − π + π^∗]_s = [ψ,ψ]_s − 2[ψ,π]_s + 2[ψ,π^∗]_s,

However, writing the right-hand side of the equality relative to the 3-vectors X_i ∧ X_j ∧ X_k. 1 ≤ i, j,k ≤ 2n, and using condition 2 of Theorem 3 it becomes

(C^s_{ia} − L_{Xn+s} π^∗_{ia}(e^∗))X_s ∧ X_{n+i} ∧ X_{n+a} + (D^{ia}_s − L_{Xs} π^{ia}(e))X_i ∧ X_a ∧ X_{n+s} ,

which vanishes by virtue of condition 3 of Theorem 3. ■

Remark 1 The Poisson structure Λ is symplectic in an open neighborhood U of G × e^∗ on G × G^∗.

Ideally, we would like to prove the existence of star-products on (G,π), by means of projectable (by p_1) star-products on G×G^∗ or U. Unfortunately, we do not know in general if this is possible. However, if we assume that (G,π) is an Abelian Poisson Lie group, then there is a ∗-product on (G × G^∗,Λ) such that (p^∗_1C^∞(G)[[h]],∗) is a subalgebra of (C^∞(G × G^∗)[[h]],∗). Observe that under the Abelian hypothesis Λ can be written as Λ = ∑_i e_i ∧ e_{n+i}, where e_i = X_i and e_{n+i} = X_{n+i} −^1_2 ∑_j π^{i j}X_j, and so we can define a symplectic contravariant connection by setting

∇_{θ i} e_j = ∇_{θ n+i} e_j = 0, ∇_{θ i} e_{n+ j} = ∇_{θ n+i} e_{n+ j} = 0, (7)

where {θ^i,θ^{n+i}} is the dual basis of {e_i,e_{n+i}}.

Let W be the Weyl bundle over G × G^∗, and let ∂ be the connection on W induced by ∇. One easily verifies that the local expression of r = δ^{−1}(−∂ π̂) + δ^{−1}(∂ r +^1_h r^2), π̂ = e_i ⊗ y^i, in the above basis is of the type

r = ∑_{2k+p≥2}^rk, j_1 ,i_1,...,i_p^{hke} j_1^{⊗ yi1 · ·yip , r}k, j_1 ,i_1,...,i_p^{∈ p∗}1^{C∞(G). (8)}

Lemma 3 Let λ^i = θ^i −^1_2 ∑_j π^{i j}θ^{n+ j} for 1 ≤ i ≤ n and let D = ∂ − δ +^1_h [r,·]. If a_0 ∈ p^∗_1C^∞(G)[[h]], then ∂ a_0(λ^i) = 0. Furthermore, since ∂ acts as a derivation, the space A = {a ∈ Γ_D(W ) | ∂ a(λ^i) = 0, 1 ≤ i ≤ n} is a subalgebra of Γ_D(W ).

Theorem 4 The elements of the subalgebra A are parameterized by C^∞(G)[[h]].

Proof. Let a_0 ∈ p^∗_1C^∞(G)[[h]], and let a be the flat section corresponding to it. Since a is obtained recursively from the equation a = δ^{−1}(∂ a +^1_h [r,a]) + a_0, it follows from (8) and the above lemma that a ∈ A. The converse is easily deduced from the fact that (λ^i)^# = X_{n+i}. ■

Using a different method, S. Gutt [6] has shown that the star-product constructed on the cotangent bundle of a Lie group G in [2] is projectable to the dual of the Lie algebra of G. Therefore, one can consider Theorem 4 as a generalization of such a result.

Example 1 Let G be the dual of the Heisenberg Lie algebra endowed with the standard Lie-Poisson structure π. Let G^∗ be its dual group. We define a flat contravariant connection on G × G^∗ as in (7) and so a connection ∂ on W . Let (x^1,x^2,x^3) be the coordinate system on G such that π = x^3∂_1 ∧ ∂_2. Let r and r^′ be the respective solutions of the equation of Lemma 2 with r_0 = −∂ π̂ and r^′_0 = −∂ π̂ + h∂_1 ∧ ∂_3, and let D, D^′ be the corresponding flat connections. Then one verifies that the two star-products defined on (G × G^∗,Λ) corresponding to D and D^′ are projectable (with respect to the projection onto the first factor) and that the star-products induced on (G,π) are not equivalent.

Acknowledgements. The author would like to thank the Abdus Salam International Centre for Theoretical Physics, for hospitality and financial support and A. King, S. Gutt, J. Rawnsley, and V. Chloup for their helpful remarks.

References

1. Bayen, F., Flato, M., Fronsdal, F., Lichnerowicz, A., and Sternheimer, D.: Deformation theory and quantization, I and II, Ann. Physics 111 (1978), 61–151.

2. Cahen, M. and Gutt, S.: Regular ∗-representations of Lie algebras, Lett. Math. Phys. 6 (1982), 395–404.

3. De Wilde, M. and Lecomte, P.: Existence of star-products and formal deformations of the Poisson Lie algebra of arbitrary symplectic manifolds, Lett. Math. Phys. 7 (1983), 487–496.

44 S. ASIN LARES

4. Drinfeld, V. G.: Hamiltonian structures on Lie groups, Lie bialgebra and the geometric meaning of the classical Yang-Baxter equations, Soviet Math. Dokl. 27 (1983), 68–71.

5. Fedosov, B.: Deformation quantization and index theory, Akademie Verlag, Berlin, 1996. 6. Gutt, S.: An explicit ∗-product on the cotangent bundle of a Lie group, Lett. Math. Phys. 7 (1983), 249–258.

7. Karasev, M.: Flat Poisson manifolds and finite-dimensional pseudogroups, Math. Notes 45 (1989), 218–226.

8. Kontsevich, M.: Deformation quantization of Poisson manifolds I, preprint q-alg/9709040. 9. Lu, J. H. and Weinstein, A.: Poisson-Lie groups, dressing transformations and Bruhat decompositions, J. Differential Geom. 31 (1990), 501–526.

10. Omori, H., Maeda, Y., and Yoshioka, Y.: Weyl manifolds and deformation quantization, Adv.

Math. 85 (1991), 224–255.

11. Vaisman, I.: Lectures on the geometry of Poisson manifolds, Birkhäuser, Basel, 1994.