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* Derivatives: |oss of accuracy (~2 digits) with each derivative

(spectral representation) (derivative matrices) 0, — ZADM
N
flilmi= ) ' ™Nei(z;) fl=Df
1=0

* Solution algorithm:

- Vector X stores all unknown of the system

- Algebralic system F(X) is composed by the partial differential equations,
boundary conditions and subsidiary conditions

- Solution s found via Newton-Raphson scheme
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EXAMPLES

* Message behind the examples

¢ |dentify the physical / mathematical problem of interest

¢ Derive equati
conditions

¢ |dentify extra

ons and establish the appropriate boundary

unknowns In the system (if any)

¢ Derive complementary equations (if any) to close the system

¢ Adapt the coordinate system to the geometry/causal structure of

the problem

¢ Learn (forma

theorems, laylor expansions, linearisation, trail-and-

error...) specr

irregularities. ..

Ic properties of the solution: strong gradients,
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* Disk of charged dust in General Relativity
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A - Cylindrical-like coordinates (Weyl-Lewis-Papapetrou) (%, p, ¢, 2)

Line Element and Maxwell Field
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A - Cylindrical-like coordinates (Weyl-Lewis-Papapetrou) (%, p, ¢, 2)

Line Element and Maxwell Field

ldd— w(p, 2) i’ — v(p, 2)%d?

N -

/ ds® = a(p,z)* [dp® + dz°] + P 5
>

0 v(p; 2)

*Dust properties

Baryonic mass density

n=225(2)

0%

4-velocity

0 = g 68 + Q69]

vy 1 —V?2

V2

4-current density

ja D Qelua

with a1 = €

Z Fap=Vady—Vods  A=Ap2)dt+Ag(p,2) d9

,  with Vzﬁ(ﬂ—w)
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* Disk of charged dust in General Relativity
Y.C.Liu, RPM, M. Breithaupt, S. Palenta, R. Meinel. PRD 94 104035 (2016)
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A - Cylindrical-like coordinates (Weyl-Lewis-Papapetrou) (%, p, ¢, 2)
*Line Element and Maxwell Field
2
ds? = a(p, 2)? [dp® + d2%] + — 2 [d¢ — w(p, 2) dt]” — v(p, 2)?dt?
- T
Z Fap = VaAs — VsAs A= Ap,2)dt+ Ag(p, ) d
*Dust properties *Energy-Momentum Tensor Tu, = T + Ty
Baryonic mass density . 1 e
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4-velocity
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* Disk of charged dust in General Relativity
Y.C.Liu, RPM, M. Breithaupt, S. Palenta, R. Meinel. PRD 94 104035 (2016)

<
A - Cylindrical-like coordinates (Weyl-Lewis-Papapetrou) (%, p, ¢, 2)
*Line Element and Maxwell Field
2
ds? = a(p, 2)? [dp® + d2%] + — 2 [d¢ — w(p, 2) dt]” — v(p, 2)?dt?
- 7
Z Fop=Vads — Voda A= Ap,2)dt + Ay(p,2) d
*Dust properties *Energy-Momentum Tensor Tup = Tegp™ + Top "
Baryonic mass density . , ot
Y= %5(2) Tf;?M : E (FachC — ZgachdFCd) Tab . ,U/U/a'U,b
4-velocity )
i = 11_ — [52‘ - Qég} , with V = V_P2 (Q—w) ’ Equations Fap = 81 [Tab - igabT} VbTab =0
ab ol
4-current density Vip 0 = dmj

7% = oqu®  with 0o = €u
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*Variables of the system:

*Elliptic equations:

Subsidiary condition:

Boundary condition:

A
B
C

D

V(p, Z) W(Pa Z) A¢<,0, Z) At(ﬂa Z) ()
4 "4 4 "4
Einstein Maxwell l
v(0,0) = v,

Regularity conditions on the axis
Asymptotic flatness at infinity
Symmetry (parity condition) for 2 >0 and z < 0

Junction condritions due to mass density on disk
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Lorentz force VT =0



ELLIPTIC EQUATION

*Variables of the system:

*Elliptic equations:

Subsidiary condition:

Boundary condition:

Parameter Space:

v(p,z) w(p,z)
4 "4
Einstein

A¢<p, Z) At(pa Z) Q
X I'4
Maxwell l
v(0,0) = v,

A Regularity conditions on the axis

B Asymptotic flatness at infinity

C Symmetry (parity condition) for z > 0 and z < 0

Junction condritions due to mass density on disk

D

_|_

Lorentz force VT =0

vy=1-—v, € (0,1]
e €10,1]

Relativistic parameter

Charge density
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-Adapted coordinates: map into elliptic coordinates:

i “‘“‘\ p=poV/1+E/1—n2 2= poén
A L
| XN\ fE [O,—l—OO), RS [_171]
s § = constant (ellipse with focus P0)
=iy il 1 = constant (hyperbole with focus £0 )
‘ . ////
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-Adapted coordinates: map into elliptic coordinates:
p:po\/1—|—£2\/1_7727 ZZPO@?
f = [07 —I—OO), YRS [_17 1]

¢ = constant (ellipse with focus £0)
1 = constant (hyperbole with focus £0 )

A n=1 B & — oo
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-Adapted coordinates: map into elliptic coordinates:
L p=poV1+EV1—12 2= polr

A £€l0,400), ne|—1,1]

¢ = constant (ellipse with focus £0)
D 1 = constant (hyperbole with focus £0 )

A n=1 B & — oo
Cc n=0 D=0
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-Adapted coordinates: map into elliptic coordinates:
€ al p=poV1+&EV1—n2 z=poln

A § < [O,—l—OO), RS [_17 1]

¢ = constant (ellipse with focus £0)
D 1 = constant (hyperbole with focus £0 )

: Y An=1 BE&->oo
C n=20 D £E=0
-Spectral Coordinates:
s Compactity infinity and restrict to upper half plane
A . o= %arctanﬁ T =1
04_#_7 {o,7} €]0,1]?
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ELLIPTIC EQUATION

v(io,7) @ e€=0.5

A9 A4
Uz U 40 0.6 08
Chebychev coefficients o —direction (7 = 1) Chebychev coefficients 7—direction (o = 0.5)
‘ 10 ‘
=00 ———— v = 0.01
g v=050 —x— 10° 4 v = 0.50
Y08 —— 0 | =
o A ¥=097 —— - 7 v = 0.97
I 107 |\
10 | |\
i 10—8 i 3@
- Ci i %
71070} %
[ 10712 +
, ¥
* 1071 N
= 10—16 7 e \Q |
I D s Q" IO NUFON A R A |
B 10~ 18 | E:/E ,/43 \// Z/ 5 Y'\u 23 1
/ | / o
! ! ! ! > ] 10—20 \ ) !
0 10 20 30 40 50 0 10 20 30 40



ELLIPTIC EQUATIONS REMARKS

1 —
Error: Physical parameters are related via M = 2QJ + [ . Ai] @,

€
20J  (1-— Q
Error=|1— |—— + V_Ag et
M € M
Error (N = 50)
10~2 . | | |
e=001 -------- e=05 — ce=099 - - - -
1073 |
1074 - |
1= | |
1076 |
1077 - -
108 | : ' N | o
10—9 — ! : Y \ ! " |
10—10 B ‘| R 1‘\ 4 ,l\/\:.| AYA '\/ —‘\ "" 1 \'/‘/:?'\| > . N .,/‘ , ,: |
"II i ‘II \\l K ‘\/I’ ! - ‘ % :\ 1 _ J
]‘0_11 B | g " |\ l' il ‘\l ' ,‘Il |
10—12 | | I 1 | |“,
0 0.2 0.4 0.6 0.8 1



ELLIPTIC EQUATIONS REMARKS

In general:

» Spectral methods are well stablished for elliptic equations iIn many communities
* Introduction of adapted coordinates to map the coordinates into a squared domain

* [reatment of unknown functions and unknown parameters in equal stage

(Treatment of a priori unknown boundaries - example surface of a star)

Here:

* Solution Is analytic, exponential decay of Chebyshev coefficients

 Regions In the parameter space with strong gradient (careful treatment)
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-Conformal compactification: bring infinities of the spacetime into finite regions,
while preserving causal structure
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HYPERBOLIC EQUATION

-Conformal compactification: bring infinities of the spacetime into finite regions,
while preserving causal structure
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Minkowski Spacetime
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* Gravitational degrees of freedom near spatial infinity

(linear regime on Minkowski background)

i+ J.Valiente, RPM. In preparation (2017)

Gravitational degrees of freedom: components of
the Riemann Tensor (Newman-Penrose scalars)

¢() ¢4 ingoing/outgoing gravitational waves
¢2 "Coulomb™ field

¢ 3 ¢1 gauge freedom

Near station infinity: introduce coordinates (7, o) that
“inflates” the point i° into a surface

gt (r=1)
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e Give initial dataat 7 = 0
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Typical set-up for the solution of hyperbolic equations (wave equation)

e Give initial dataat 7 = 0

« Consider boundary conditions at o = () and 0 = 1 (if needed)
* Evolve equations of motion until a final time 7 = 1

Here: Initial Data: prescribe ¢, (0, o), which involves

the solution of ODE (constraint equations) (7 = 0)

Boundary Condition: regularity conditions on

the singular surface 30 (imposed automatically by
equations of motion) (o = 0)

Boundary Condition: boundary of the causal
domain, no need for extra boundary condition (o = 1)

(7 = 0)
However: equation for ¢q is irregular at 7 = 1
o)
—(1 —7)0-¢pg — 2 Oy Ao =0
(1 —7)0-¢0 57 Po + A1¢1

In fact: study of expansion around 7 = 1 reveals

¢o ~ KIn(l — 7)
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Co(T,0) = ¢o(1,0) — K [1 — )\;(1 — ’7')] In(1 —7)

Ci(7,p) = ¢p1(1,0) — %K(l —7)In(1 — 7)

New Variables: Cy(7,0) Ci(r,0) ¢2(T,0) @3 (7‘, O‘) D4 (7’, O') K
Equations: Initial data (r=0)

o by
(*) —(1—7')6TC’0—21+T(‘9000+)\1C1:—K[l—?(l—T)] (0<7<1)




HYPERBOLIC EQUATION

Solution: introduce auxiliary variables that remove leading order singular terms

Co(T,0) = ¢o(1,0) — K [1 — )\;(1 — ’7')] In(1 —7)

Ci(7,p) = ¢p1(1,0) — %K(l —7)In(1 — 7)

New Variables: Cy(7,0) Ci(r,0) ¢2(T,0) @3 (7‘, O‘) D4 (7’, O') K

Equations: Initial data (1 =0)
(*) (1 —-7)8.Cy — 28,00+ MC1 = —K 1—)\—%(1—7') (0<7<1)
70 1+ 7 o0 1“1 9

(subsidiary equation)



HYPERBOLIC EQUATION

Solution: introduce auxiliary variables that remove leading order singular terms

Co(1,0) = ¢pg(1,0) — K [1 — %%(1 — 7')] In(1 —7)

Ci(7,p) = ¢p1(1,0) — %K(l —7)In(1 — 7)

New Variables: Cy(7,0) Ci(r,0) ¢2(T,0) @3 (7‘, O‘) D4 (7’, O') K

Equations: Initial data (1 =0)
(*) (1 —-7)8.Cy — 28,00+ MC1 = —K 1—)\—%(1—7') (0<7<1)
70 1+ 7 o0 1“1 9

(subsidiary equation)

o
O (*) 0.-Co — 002,Co + 55’000 +M0;C1 =K (=10
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HYPERBOLIC EQUATIONS REMARKS

In general:

* Spectral methods with dynamical equations is an incipient field
» Introduction of adapted coordinates (careful with boundary of causal domain)

* Treatment of unknown functions and unknown parameters in equal stage

(Treatment of a priori unknown boundaries - evolution of star's surface)

Here:

»Solution is C1 , algebraic decay ~ N—* of Chebyshev coefficients in time direction

» Compatible with the structure of the auxiliary functions ~ (1 — 7)%In(1 — 7) after
removing leading order terms



ENHANCING ACCURACY

Today:
* Softening strong gradients (analytical mesh refinement)

* Introducing C functions

Somewhen in the future (lack of time)

* Discontinurties: Gibbs phenomena and filtering techniques

* Discontinuities: multi-domain approach



ANALY TICAL FUNCTIONS

e Functions: C“(Taylor expansion around every point in domain)

N

e Convergence Rate: Error ~ o~

e Strong gradients: leads to smaller basis © (slope in the log-linear plot)
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ANALY TICAL FUNCTIONS

e Functions: C“(Taylor expansion around every point in domain)

N

e Convergence Rate: Error ~ o~

e Strong gradients: leads to smaller basis © (slope in the log-linear plot)
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ANALY TICAL FUNCTIONS

o ar— . _11
fa(x) e g with = € [—1,1]

» Consider the analytical extension f(z) into the complex plane with 2 = © + ¥y

* Locate the poles (zo,y0) of the function in the complex plane

2 2

» |dentify the ellipse with foci (-1.1) = + 2 —1 witha+b=R, a— b= R'and

a? b2

1
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ANALYT\CAL FUNCTIONS

« fa(z) =

fa(z) =

$+1+2 with = € [—1,1]

2€
T+ 1y + 14+ 2

e Locate the poles (zo,%0) of the function in the complex plane

2 2

* ldentify the ellipse with foci (=1.1)  — + ‘Z—z —1witha+b=R a—b=R 'and

R = exp [asin \/2 (| 20| 1+\/(|"‘0|21)2+4y8>]

* [he decay rate Is thus give by p = R
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ANALY TICAL FUNCTIONS

. — | —1.1
fa(x) g with = € [—1,1]
2€
; f2(z)zx—|—7§y—|—1—|—2€

o 5130:—(1—|—2€) yOZO

2 2

» |dentify the ellipse with foci (-1.1) = + 2 —1 witha+b=R, a— b= R'and

a? b2

1
R = exp [asinh\/2 (|Zo|2 -1+ \/(|zo|2 —1)2 + 4y8>]

* [he decay rate Is thus give by p = R

Yy
A




R () =

ANALY TICAL FUNCTIONS

: — | —1.1
fa(x) g with = € [—1,1]

2€
T+ 1y + 14+ 2

o ZCQZ—(1—|—2€) y():()

+ R~ 14 24/e

* [he decay rate Is thus give by p = R




ANALY TICAL FUNCTIONS

N

eSpectral approximation: Lrror ~ o~

Decay rate 0 : a well definite distance between the singular points (%o, %o) of
the function in the complex plane and the domain in the real axis * € |—1, 1]

esConclusion : complex singularities closer to real domain leads to slower
exponential convergence

*Remark : discussion in terms of the Fourier basis is actually simpler (sorry!)
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* Marcus Ansorg introduced the following coordinate transformation to amend
functions with strong gradients around £ = 0 (= € [0, 1})
sinh (k)
sinh(k)

eSingular points in complex plane: the effect is to move the singular
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F (= 3 e sinh(k)
*Example: f>(7;x) = fo(x(Z)) = esinh(k) + sinh(kZ)
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SINH TRANSFORMATION

* Marcus Ansorg introduced the following coordinate transformation to amend
functions with strong gradients around £ = 0 (= € [0, 1})
sinh (k)
sinh(k)

eSingular points in complex plane: the effect is to move the singular
points (zg(k), yo(k)) In the complex plane away from the real domain [0, 1]

€T —

r e sinh(k)
cExample: T k) = =30
ple: f>(Z;k) = fo(x(Z)) B () + Sh(eD)
Singular point: zg(k) = —asmh(E 2nh(2“)) Kli_}n;() To(K) = —2
Y
2€ t
TR o
—2 zo(k) 0 1
I




SINH TRANSFORMATION

* Analytical Mesh Refinement : from the numerical perspective, the
transformation concentrate more grid points in the needed region

sinh(kT)

T —

sinh(k)




SINH TRANSFORMATION

* Analytical Mesh Refinement : from the numerical perspective, the
transformation concentrate more grid points in the needed region

sinh(kT)
L = 5
sinh(k)
u K = 0. ==k
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ELLIPTIC EQUATION

* Disk of charged dust in General Relativity
Y.C.Liu, RPM, M. Breithaupt, S. Palenta, R. Meinel. PRD 94 104035 (2016)
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ELLIPTIC EQUATION

* Disk of charged dust in General Relativity
Y.C.Liu, RPM, M. Breithaupt, S. Palenta, R. Meinel. PRD 94 104035 (2016)
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Cc*([0,1]) VERSUS €>([0,1])

e Functions: C*([0, 1))

e Convergence Rate: Error ~ NP

e Typical occurrence: f(z) ~ z”" In(z)



Cc*([0,1]) VERSUS €>([0,1])

Functions: C‘([0,1])

Convergence Rate:

Error ~ N7P

Typical occurrence: f(r) ~ 2" In(x)

Introduce transformation:

Property:

d’

CE(Z) s 61—1/,2

r € C>™(|0,1])

r:|0,1] —

0,1]

(Smooth function, but no Taylor
expansion around z = 0)



Cc*([0,1]) VERSUS €>([0,1])

Functions: Cg([(), 1])

Convergence Rate:

Error ~ NP

Typical occurrence: f(z) ~ z" In(z)

Introduce transformation: z:[0,1] — [0, 1]
x(z) = esll/z
) d’ 00 (Smooth function, but no Taylor
Property: @x(o) =1 rel ([O’ 1]) expansion around 2 = 0)
ek(l_%)
Consequence: F(z) = f(z(z)) ~ - (z —1)
’ . 5
lim —F(z) =0 ‘e FeC*([0,1])

2—0 dzJ



HYPERBOLIC EQUATION

I
et _
= i P \
omm I S
S
f w mﬁ
m\.ml 5 |V
—_— 5 L2273 |
s S £ [S8§
olu ..ﬂ Q
\ Q m_
s O 2| & ,
Q. o z \
" ¥ 30 +
S
- ST i= 4
¢ & ~ 2
[ I = T = =
£.=a s 0 \
4 >
(@
mSo m
6 3 & :
T O s o | |
Q¥ o >
Q¢ &
= O
R =
f |. AT , , | , |
O 2 L 2 5 7 ® ® 2 8
— — ) ) ) o n_U _O
SOR; — — = — = =
)
o 9 =
rme
00 .= <
v 00—
Ir
® . |
- i
o Y N———
80
= e 2
> O@ T [l S
G ; S
T N 3
|
A |
|
-

60

o0

40

30

20

10



CONCLUSION

Spectral Methods
» Provide numerical solutions with high accuracy

* [reatment of unknown functions and unknown parameters in equal stage

* Allows one to explore regions In the parameter space where the solution
s problematic

» Explore mathematical properties of the solution

- But can be slower then other algorithms

* Well stablished method for elliptic equations (General Relativity: stationary
space times and initial data problem)

* [Ime dependent problems: spectral methods in the spatial direction
together with some other time integrator (Runge-Kutta)

* Development of fully spectral codes: spectral methods applied to both space
and time directions



