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Parallel Transport and Connection 2

Figure 1: Parallel Transport

.
‘ @ Connection = Covariant
Derivative = Parallel Transport

Flgu re 2: Connecting Tangent Vectors at
different points
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Connection, Covariant Derivative, compatibility 3

e Covariant derivative generalizes to tensors: if, for example, pu is a
metric on a manifold M, we get

(Vu)(X, Y, Z) =X (Y, Z) = i(VxY,Z) — (Y, VxZ) (1)

for all vector fields X, Y, Z on M.

Definition 1

Given a connection V, an objet T is said to be compatible, parallel or
covariantly constant with right the connection if

VT =0. (2)

@ A connection V on M is compatible with p if : VX, Y, Z € X(M),

X[u(Y, 2)] = w(Vx Y, Z) + u(Y, Vx2), (3)

(Séminaire AfriMath, 10 — 15 Septembre 2 On Cartan-Schouten metrics  Conférence AFRIMath 2023 — Topologie et Géol



Semi-Riemannian metric on a manifold 4

Let (M, ) be a (pseudo)-Riemannian manifold.

@ There exists on (M, 1) a unique torsion free connection V which is
compatible with y : Levi-Civita connection.

o It is given by the Koszul formula: VX, Y, Z € X(M),

W(VxY.2) = XY, 2)] + YIZ. X)) - Z[(X, V)]
+M(Z7 [Xv Y]) - :u(Yv [Xv Z]) - :U’(X’ [Yv Z])} (4)
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Inverse problem 5

@ Question : given a connection on a manifold M, does it exist a metric
which is parallel with right to it ?

@ We aim to study such a problem for Lie groups with a particular
connection : the so-called Cartan-Schouten connection.
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Plan

@ Cartan-Schouten connection on a Lie group
@ Lie group, Lie algebra, exponential map, geodesics
@ Cartan-Schouten connections on a Lie group

@ Cartan-Schouten metrics on Lie groups
@ First examples in Low dimensions
@ Biinvariant metric
@ Fundamental results
@ Cartan-Schouten metrics on perfect Lie groups

© Applications to dimension 3

@ Rigid motions, screw motion, and so on
@ The special affine Lie group
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Notations 7

Let M be a smooth uanifold.

o T,.M : tangent space of M at the point x of M,

@ TM : tangent bundle of M,

@ T*M : cotangent bundle of M.

@ Given a vector field X, we note X|X € T,.M the value of X at the
point x € M.

o If f: M — N is a differentiable map between two manifolds, its linear

tangent map will be noted by
fo: TM— TN ou Tf: TM — TN.

Hence, for all x € M and any X € X(M),

(FEX)1r00) = Fx(Xix) = Txf - X (5)
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Lie Group 8

Definition 2

A Lie group is smooth manifold together with a group structure such that

uw:6xG — G I i:6G — G (6)
(g,h) — gh g — g !

are smooth maps.
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Left and right translations 9

Let G be a Lie group with unit element e.
@ Left and right Translations:

Lg: G — G

h s gn M

>
A

@ Translations are diffeomorphisms.

(Séminaire AfriMath, 10 — 15 Septembre 2 On Cartan-Schouten metrics  Conférence AFRIMath 2023 — Topologie et Géol



Left-invariant vector fields 10

Note X(G) the Lie algebra of all smooth vector fields on a Lie group G.

Definition 3
X € X(G) sur G is said to be left-invariant if for all g € G,

6 Tle 716

Lg X =X (8)

that is for all g, h € G, X
Thly - Xip = Xigh- 9)

g g G G
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Left-invariant vector fields 11

@ We note X, (G) the subset of X(G) consisting of left-invariant vector
fields on G.

@ X/(G) is a Lie subalgebra of X(G).

Definition 4
X1 (G) is called the Lie algebra of the Lie group G.
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Left-invariant vector field and tangent vector at e 12

Let £ € T.G. One defines an element X¢ of X;(G) by setting: Vg € G,

Xt = Telg - €. (10)

Proposition 1

The map
f: TG — X(G)
£ — X¢ (11)

is a linear isomorphism.
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Lie algebra structure on T.G 13

@ One can then transport the Lie algebra structure of X;(G) on T.G as
follows: V&, n € T.G,

[€. 7]e = [XE, X)je (12)

@ Hence, the Lie algebra X, (G) can be identify with (T.G,[,].) and we
will note it by G.
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Exponential map 14

@ Let G be a Lie group with neutral element e and Lie algebra
G=T.G.

@ Forany { € G = TG, there exists a unique integral curve 7 : R — G
of X¢ passing through e at t = 0:

7%(0) =€ and e(t) = X, VEER. (13)

Definition 5
The exponential map of the Lie group G is the map exp : G — G given by
exp(§) = 7e(1). (14)
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Left-invariant connexion 15

Definition 6

A connection V on a Lie group G is left-invariant if for any left-invariant
vector fields X and Y/, the vector field VxY is also left-invariant.
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Left-invariant connexion and bilinear map 16

Proposition 2
There exists a bijective correspondance between left-invariant connections
on a Lie group G and bilinear maps o : G X G — G.

The connection V is related to « by:

a(€m) = (VxeX7),, (15)
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Geodesics of left-invariant connexion 17

Proposition 3

Let V be a connection induced by a bilinear map a: G x G — G. The
following assertions are equivalent.

Q For all £ € G, the curve t — exp(t€) is a geodesic.

@ « is skew-symmetric.
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Cartan-Schouten connections 18

A left-invariant connection V on a Lie group G such that for all £ € G, the
curve t — exp(t€) is a geodesic is called a Cartan-Schouten
connection?.

Cartan, E. and Schouten, J. A. : On the geometry of the group manifold of
simple and semi-simple groups. Proc. Amsterdam 29 (1926), 803-815.
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Cartan-Schouten connections (suite) 19

@ The bilinear map a: G x G — G given by

a(§,m) = A&l (16)

for some X € R, induces Cartan-Schouten connections.

@ The torsion and the curvature read:
T(&n) =@ =D, RENC=AA-1)[l&n].¢].  a7)

@ ForA=0and A=1,weget R=0and T Z0.

1
@ The connection is symmetric iff A\ = 5
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Classical Cartan-Schouten connections 20

@ The classical Cartan-Schouten connections on a Lie group.

] Valeurs de \ \ Courbures \ Torsions ‘
A=0 R=0 T(X,Y)=—[X,Y]
)\:% R(X, Y)Z:—% [X,Y],Z] | T=0
A=1 R=0 T(X,Y)=[X,Y]

Table 1: Curvature and torsions of classical Cartan-Schouten connections
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Classical Cartan-Schouten connections

On appelle

@ Cartan-Schouten —1-connection:
VY =0; (18)

@ Cartan-Schouten 0-connection or canonical Cartan-Schouten
connection:

vyY = %[X, Y; (19)

@ Cartan-Schouten +1-connection:

VY =[X,Y] (20)

(Séminaire AfriMath, 10 — 15 Septembre 2 On Cartan-Schouten metrics  Conférence AFRIMath 2023 — Topologie et Géol



Our aim 22

@ Inverse problem : given a Lie group, does it exist a metric p which is
parallel with right to the 0-connection ?

@ Study properties of Lie groups admitting such metrics.

@ Study properties of metrics p on Lie groups G which are compatible
with the Cartan-Schouten 0-connection.

@ Such metric u satisfy
X u(Y.2)= 2 (WX, V1. 2) + u(v.1X.2)) (1)

for any left invariant vector fields X, Y, Z on G.
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Cartan-Schouten metric 23

Definition 9

A metric p on a Lie group G which is compatible with the Cartan-Schouten
canonical connection will be called a Cartan-Schouten metric.
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The Heisenberg Lie group Hj of dimension 3 24

o Consider the 3-dimensional Heisenberg group

, X, ¥, ZER S . (22)

O~ X
=< N

1
H3 = 0
0

o We identify Hs with R3, with the multiplication

(x,y,2)(x", ¥y, 2) = (x+ X'y +y.z+ 7 +x/). (23)
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The Heisenberg Lie group Hj of dimension 3 25

Proposition 4 (A. Diatta; B. M.; F. Sy)

Any Cartan-Schouten metric i1 on Hi is of the form

1
o= (43y2 —cy+ m> dx?

1

TF (43)(2 — bx + e) dy? + a dz°
1 1 1

+ (4axy — ECX — Eby + d) dxdy
1 1

— (2ay - c) dxdz — (23x — b) dydz , (24)

where a, b, ¢, d, e, m are real constants such that

—ad? + aem — b?m + 2bcd — c?e # 0. (25)
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The Heisenberg Lie group Hj of dimension 3 26

Q Ifwesesta=e=m=1and b=c=d =0, we recover the metric
given by Thomson?

2
p=dx*+dy® + <dz—)2/dx— ;dy> , (26)

which is a Riemannian metric.
Q@ Form=e=—-—a=1and b=c=d =0 we get

1 1
wo= (1 — y2> dx? + (1 — X2> dy? — dz?
4 4
1 1 1
2 dxdy + 5 dxdz + 5% dydz, (27)

which is a Lorentzian metric.

Both metrics have the same Levi-Civita connection, although one is
Riemannian and the other Lorentzian.

Thompson, G. : Metrics Compatible with a Symmetric Connection in
Dimension Three. Journal of geometry and Physics, 19, (1996), 1-17.
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On Lie groups with a biinvariant metric 27

@ A metric p on a Lie group G is said to be biinvariant if it is invariant
under left and right translations.

@ On the Lie algebra G of G, this is equivalent to : VX, Y,Z € G,
ne(1X. Y1, 2) + eV, 1%, 21) = 0. (28)

@ Recall that a Cartan-Schouten metric on a Lie group satisfies:

XuY.2) = S (X VL2 + (VX 2D)  (@9)
—_———

=0 if p is invariant

for any left invariant vector fields X, Y, Z on G.

@ So any biinvariant metric is Cartan-Schouten.
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Right trivializations of the tangent and the cotangent
bundle of a Lie group

@ Right trivialization, of the cotangent bundle T*G of a Lie group G:

fi.: T*G%Gxg*y (Gvya)H(UayUOTERU)' (30)

o Likewise, the right trivialization of the tangent bundle TG is given by
h:TG— GxG, (0,X;)— (0, TeR-1X5). (31)

@ We endow the manifolds G x G and G x G* with the group structures:

(01,x)(02,y) = <O’10’2, X + Adaly) (32)

(01,F)(02,8) = (0102, f+ Ad;lg). (33)
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Lie group structures on tangent and cotangent bundles of
Lie groups 29

@ T*G inherits a Lie group structure obtained by pulling back (33):
(o,ve)(Ty0r) = (07’, Voo TorR.—1 + ;o TUTLUq) . (34)
@ TG also inherits a Lie group structure, the pullback of (32):

(0:X)(r Ys) = (07, ToRXo + ToLo Y ) . (35)
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A characterization of Lie groups with a biinvariant metric
30

Theorem 10 (A. Diatta; B. M.; F. Sy)

If a Lie group G has a biinvariant metric, then the Lie groups T*G and
TG are isomorphic.
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Proposition 5

Any left (or right) invariant Cartan-Schouten metric  is biinvariant.

Indeed, the Koszul formula writes : for all vector fields X, Y, Z on G:

uIX.Y12) = X(u(Y,2)) + Y (2, X)) = Z(p(X, V)
_/'L(Xa [Yv Z]) - :u(Ya [Xa Z]) + :UJ(Za [Xa Y]) (36)

This also can be written as :
HOGTY . ZY (Y, X, ZD) =X (Y 2))+Y (1(Z. X))~ Z(u(X. ). (37)

If X,Y,Z are left-invariant each of the terms on the right hand side
vanishes.
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Objectifs, Motivations 32

@ We are then interested in non invariant Cartan-Schouten metrics.
@ Generalization of biinvariant metrics.
@ Larger family : strictly contains Lie groups with biinvariant metrics.

@ Other statistical models.
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Not that invariant 33

Theorem 11 (A. Diatta; B. M.; F. Sy)

Let G be a Lie group with neutral element € and G its Lie algebra.

Q If u is a Cartan-Schouten on G then the value . := ji is
adg g|-invariant; that is

A [l a],b) + (3, [Ix.v1,8] ) =0, (38)

for all x,y,a,b € G.

@ In particular, ifexp : G — G is a diffeomorphism and log := exp™!, we
have: for any o € G and any x,y € G,

(YD) (@) = B(Adept togoy*: Ao ogory)  (39)

o0 1 B
= 202""“7p!cﬂu<ad@ggx’ad£gz7)/)) (40)
pP,q=
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Construction of the metric 34

exp(x)

exp(tx)

exp(y) exp(tlog(o))
exp(ty)

Figure 3: Construction of the metric by parallel transportation along geodesics
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Cartan-Schouten metrics on perfect Lie groups 35

Theorem 12 (A. Diatta; B. M.; F. Sy)

If a perfect Lie group G possesses a Cartan-Schouten metric i, then i is
necessarily a biinvariant metric.

o If X1,X5,Y, Z are all left invariant vector fields on G, we have
(XX Y], 2) + (Y, %, 2] ) = o. (41)

@ Since [G,G] = G, the equality (41) linearly extends to

u([x, Y],Z) 4 M(Y, [X,Z]) -0, (42)

for any left invariant vector fields X, Y, Z on G.
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Cartan-Schouten metrics on perfect Lie groups 36

Proposition 6 (A. Diatta; B. M.; F. Sy)

Suppose a perfect Lie group G has a Cartan-Schouten metric. Then
@ T*G is a perfect Lie group;

@ in particular, if G is semisimple, then T*G is a perfect Lie group.
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Simple Lie groups 37

Theorem 13 (A. Diatta; B. M.; F. Sy)

Let G be a n-dimensional simple Lie group. Every Cartan-Schouten metric
p on T*G is biinvariant and has signature (n, n).

© Ifnisodd, then u = sKy + t(,), withs,t € R, t #0; so
(sl th,
M—(ﬂnoj (43)

with I, , = diag(—1,...,—1,1,...,1), p>0,s,t € R, t #0 and 0,
is the zero n X n matrix. So space of such metrics = R x R*,

@ If n is even, then n= 1Ko + 5K + t1<,> + t'2<,>_/, with
s1,%,t1,to € R. That is, for any x,y € G, f,g € G*,

1((6f),(1,8) = siKo(x,y) + 22Ki(x,y)
—i—t1<(X, f)? (y,g)> + t2<(X7 f)? (y,g)>J~(44)
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Rigid motions

Rigid Motions

Translation Reflaction
Rotation Giide Reflecton
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38

@ A rigid motion of an object
is a continuous movement of
- the particles in the object
such that the distance
between any two particles
remains fixed at all times.

@ The net movement of a rigid
body from one location to
another via a rigid motion is
called a rigid displacement.
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Rigid motions, screw motion, and so on 39

@ A rigid displacement may consist of both translation and rotation of
the object.

@ A rigid displacement is represented by an element of the special affine
group

SE(3) := 50(3)D<R3—{<§ f),ReSO(3),deR3}, (45)

e That is, A rigid motion is represented by a curve on SE(3)2.

2Zefran,M.; Kumar, V. and Croke, C.; Metrics and Connections for Rigid-Body
Kinematics. The International Journal of Robotics Research, 18 (2) 242 (1999).
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Rigid motions, screw motion, and so on 40

(Séminaire AfriMath, 10 — 15 Septembre 2

@ A screw displacement is a

rigid displacement consisting
of a rotation at constant
angular velocity around an
axis (the screw or twist axis)
followed by a translation
with constant
(translationnal) velocity
along the same axis.

From the famous Chasles
theorem, any rigid motion
can be realized as a screw
motion.
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The group of rigid motions of the Euclidean space R® 41

Theorem 14

The Lie group SE(3) of rigid motions of the Euclidean space R3, is
isomorphic to both T*SO(3) and TSO(3), endowed with their Lie group
structures induced by the right trivializations.
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The group of rigid motions of the Euclidean space R® 42

Theorem 15

Let yu be a pseudo-Riemannian metric on SE(3) such that every screw
motion is a geodesic.

@ Then y is biinvariant and furthermore, its matrix is of the form
_ sl tl3
) = (ﬂs 03) (46)

in some basis of SE(3).

@ There is no Riemannian metric on SE(3) for which every screw
motion is a geodesic.
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The special affine Lie group 43

o We consider the Lie group SE(2,1) := SO(2,1) x R3 made of
invertible affine displacements of R® whose linear parts are (oriented
and) preserve the Lorentz metric in R3.

@ A natural way to represent the Lie group SE(2,1) is as the following
group of 4 x 4 real matrices

R v

SE(2,1) := 50(2,1) x R® = {( 0 1

> ,RGSO(2,1),V€R3},
(47)

e By analogy with the group SE(3) := SO(3) x R? of rigid
displacement of the Euclidean 3-space, we call SE(2,1) the group of
rigid displacements of the Minkowski 3-space.

@ By rigid motion in the Minkowski 3-space, one means a curve in
SE(2,1).
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The special affine Lie group 44

Theorem 16

The special affine Lie group SE(2,1) = SO(2,1) x R3 is isomorphic to
both TSO(2,1) and T*SO(2,1) endowed with their Lie group structure
induced by the right trivializations.

(Séminaire AfriMath, 10 — 15 Septembre 2 On Cartan-Schouten metrics  Conférence AFRIMath 2023 — Topologie et Géol



Pseudo-Riemanniann metric on SE(2,1) 45

Theorem 17

Let v be a pseudo-Riemannian metric on SE(2,1) such that every screw
motion on R} is a geodesic.

@ Then y is biinvariant and furthermore, its matrix is of the form

_ 5]1173 tl3
il = ( o 03) (49)
in some basis of SE(2,1).

@ There is no Riemannian metric on SE(2,1) for which every screw
motion is a geodesic.
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The End !

Thank You For Kind Attention |
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