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SCHOTTKY SURFACE OF RANK 2 2
Let S be a Schottky surface of rank 2.

g L

Hyperbolic torus Pair of pants

¥ Y

Pair of pants with cusp Pair of pants with two cusps




Coding the limit set Self-intersection and combinatorial length Combinatorial k-systoles

00000000000 00000 00000000000 0000000000000

COMBINATORIAL k—SYSTOLE

Let G°(S) be the set of closed geodesics on S and k € N.

si(S) = inf{L(y) : v € G°(S); i(v;7) = k}

» L(7) is the combinatorial length of -y
> i(v;7) self-intersection numbers of ~.
Definition 1

A closed geodesic vy on S is a combinatorial k-systole if
L(v) = si(S) and i(y;7) = k.

3
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EXAMPLE OF COMBINATORIAL k—SYSTOLE 4

The closed geodesic a(ab)? on a pair of pants is a combinatorial
5-systole with 6 self-intersections.

Figure — 5—systole with 6 self-intersections
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COMBINATORIAL k—SYSTOLE 5

I;(S) = max{i(v;v) : 7 combinatorial k-systole}

Question
» What is the asymptotic behaviour of I;(S)?

Answer
> I(S) ~k and limsupli(S) —k = 4o0.
k—+o0
Question

> Let m be an integer of [k, [[(S)], does it exist a
combinatorial k—systole v such that: i(v,y) = m?
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Coding the limit set
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POINCARE DISK 8

dx? + dy?

D={z=x+iyeC,|z| <1 ds? =4— 7
{ y€Clzf <1} 0 12pP
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GEODESICS 9

dx? + dy?

D={z=x+iyeC, |z <1 ds? =4— "~ "
{ yec, <1} e
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ISOMETRY 10

g : D — Dis an isometry of the Poincaré disk if and only if

_az+E
cz+a cz+a

or g(z):aZ+CVz€D

8(z)

wherea,c € C and |a)* — |c]> = 1.
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HYPERBOLIC ISOMETRY 11
g an isometry which does not fix 0.

C(g) ={zeD: d(o,z) =d(g(0),2)}
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HYPERBOLIC ISOMETRY 12
g an isometry which does not fix o.

C@)={zeD: d(o,z) =d(g(0)2)}

D(g)={zeD: d(g(0).2) < d(0,2)}
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DYNAMIC OF HYPERBOLIC ISOMETRY 13

Ext(D(g)) =D\ D(g) g(D(g™")) = Ext(D(g))

D(g’) D(g)

Figure — dynamic of hyperbolic isometry
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SCHOTTKY GROUP 14

Definition 2
Let a et b be two hyperbolic isometries satisfying the following
separation hypothesis :

D(a) uD(a=')NnD(b) UD(b~1) = 0.

The group I' := (a, b) is a Schottky group of rank 2.
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REDUCED WORDS 15

[:={a,a,b,b} wherea=a'andb=0b"".
Definition 3

> A finite word ejez - - -4, ¢j € I is said to be reduced if
ej # ¢j11 forevery j=1,---n — 1 and cyclically reduced if
it is reduced and e, # e;.

» An infinite word eje; - - - or a bi-infinite word - - -e_1epeq - - -
is reduced if each of its finite subword is reduced.

©
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Fore € T = {a,a,b,b}, A(e) =D(e) NS : first order interval
Ala)
A(bf]) A(Qil)
Afb)

Figure — first order interval
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M-TH ORDER INTERVAL 17

If ee; - - - is a reduced word in T, then
Alerey---ey) =eex - - -e,_1A(e,) is m-th order interval.

Figure — second order interval

Aerer---ey) C Alerep---ey,—1) C -+ C Aleq)-
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LIMIT SET 18

Definition 4
The limit set of the group I'is the set A =T.0\ T".0

Proposition 5

n—-4o00

[o.¢]
ﬂ Alerey---ey) = lim ejen---eq.0 € A
n=1

A:ﬁ U Alerez---ep).

n=1ejey---cWy

Wy := set of infinite reduced words
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CODING THE LIMIT SET 19

» From now on we write n = ejep--- if n = lim eqep - - - e,.0.
n—-+oo

> e =epe3--- andif f €T, f # e thenfn =fejey - - -.

» If ) is fixed by a hyperbolic isometry, then 3 ¢ € I such that
g(n) is periodic. We write g(17) = ejea - - - e, Where ejea - - - ey,
is the period of the word .
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CODING ORIENTED GEODESICS 20
» Each reduced bi-infinite word e = - - - e_1egeq - - -

determines a unique oriented geodesic with positive
endpoint eje; - - - and negative endpoint epe_q - - -. We
denote this geodesic y(e).

> Leto"(e), n € Z be the word whose j — th entry is in
position j + 7 in e. Then (o™ (e)) = (e1 - - -e,) v (e).

©
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CYCLIC LEXICOGRAPHICALLY ORDERING 21
Ala)
N
I
A(b) Al@a)
A(b)

Figure — The order <; defined by a fixed point I € OD.

A, = {a,b,b,a}, Ap = {b,b,a,a}, A, = {b,a,a,b} and A; = {d,a,b,b}.
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BIRMAN-SERIES THEOREM 22

Letn =ejer--- and ¢ = fif> - - - be distinct points of the limit set
A. Then 7 precedes ¢ in anticlockwise order around S! starting
from the point I (see figure 5) if and only if either :
1. eg precedes f; in the alphabet A, or
2. ej=fiforeachi=1,--- ,mand e, precedes f,1 in the
alphabet A;,.
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Self-intersection and combinatorial length
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SCHOTTKY SURFACE OF RANK 2 24

I' := (a,b) a Schottky group of rank 2. S = D/I" is a Schottky
surface of rank 2.
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CODING OF CLOSED GEODESICS 25

COMBINATORIAL LENGTH

» Letw = eje; - - - e, be a cyclically reduced word and
W= www--
The endpomts of v(W) is fixed by the isometries w and
w~!. Thus these isometries fix the geodesic v(W).

» The projection of the geodesic v(w) to S is a closed
geodesic of S.

» This closed geodesic is associated to the word w.

Definition 6
The combinatorial length of a closed geodesic  of S is the
length of the word associated to v. We denote it by L(~).



Coding the limit set Self-intersection and combinatorial length Combinatorial k-systoles

00000000000 00000 00080000000 0000000000000
:

SELF-INTERSECTION 26

vyEGS) —w=-eer--ep.

vi(eieiy1 - ei—1;  €i—1---€iy16), i=1,--- m.

Proposition 7

The geodesics ~y;, 1 < i < m, are the unique lifts of v on D which
intersect the fundamental domain of T

The number of self-intersections of the closed geodesic 7 is
given by :

i(viv) =#{nNyND#0; 1<i<j<L(y)}
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EXAMPLE 27
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EQUIVALENCE RELATION 28

A7={7i07j3 1§i<j§L(7)}

i(v;7) = #(Ay N D).
We define the following equivalence relation on A, :
YNy ~wNy < 38el|gv)=wandg(y) =7

Thus the number of self-intersections of the closed geodesic v is
given by :
i(v;7) = #(Ay/ ~).

©
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SELF-INTERSECTIONS ON PAIR OF PANTS 29

Theorem 8 (E.A.A.D- M.Gaye)
Let vy be a closed geodesic on a pair of pants associated to the word
w= s’llr“ 5;1‘7,1, then

i(v;y) =nL(y) —2n* + H(w Z Z ik — it + [k = Jil-

k=1 I=k+1
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SELF-INTERSECTIONS ON PAIR OF PANTS 30
Question 1

» What is the maximal number of self-intersections of a
closed geodesic v of combinatorial length L(~)?
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PAIR OF PANTS 31
Lemma 9

For any word w = slf r’f oo gln r{f , there exists a permutation o of
{i1,12, -+ ,in} and a permutation 7 of {j1,j2, - - ,ju} such that :

Hw) <H (aff(ﬁ)g;ﬁﬂ . .aaan)gm'n)) _

i(y;7) < nL(y) —n".
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PAIR OF PANTS 32

Theorem 10 ( E.A.A.D- Masseye Gaye 2021)

Let ~y be a closed geodesic on a pair of pants and L(~) the
combinatorial length of . Then

[2(v)
4

—1 ifL(y)is even

i(v;7) <
L2(y) -1

) if L(vy)isodd
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HYPERBOLIC TORUS 33

Theorem 11 ( M.Chas-A.Phillips 2008)

Let ~y be a closed geodesic on a hyperbolic torus and L(~y) the
combinatorial length of . Then

if L(7y) is even

L) =DED =3 eyt
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Combinatorial k-systoles




Coding the limit set Self-intersection and combinatorial length Combinatorial k-systoles

00000000000 00000 00000000000 O®00000000000
: :

DEFINITION OF A COMBINATORIAL k-SYSTOLE 35

S : Schottky surface of rank 2.
G¢(S) : closed geodesics on S.

s(S) :=inf{L(7) : v € G(S); i(y;7y) >k}

Definition 12
A combinatorial k-systole is a closed geodesic v on S such that
L(v) = s¢(S) and i(v37) = k.
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EXAMPLE OF COMBINATORIAL k—SYSTOLE 36

The closed geodesic 01(1/‘1179)_2 on a pair of pants is a combinatorial
5-systole and i(a(ab)?,a(ab)?) = 6.

Figure — 5—systole with 6 self-intersections
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COMBINATORIAL k—SYSTOLE 37

Definition 13
Let k be a positive integer. A combinatorial k—systole - is
exact if i(y; ) = k.

Fork e N,
I;(S) = max{i(y;y) : 7 combinarial k-systole}.

Question 2
» What is the asymptotic behaviour of I;(S)?
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PAIR OF PANTS 38

Let S be a pair of pants and 7 an integer.
> 2 <k<n’+n = 5p(S) = 2n + 1. In particular, the
closed geodesic a(ab)" is a combinatorial k-systole and
n? <k <I(S)=n*+n.
> n? —n<k<n>—1 = s{(S) = 2n. In particular, the
closed geodesic ab(ab)"~! is a combinatorial k-systole and
n?—n<k<I(S)=n>—1.

©
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HYPERBOLIC TORUS 39

Let S be a hyperbolic torus and 7 an integer.
1. n* <k<n?>+n = s{(S) =2n+ 3. In particular, the
closed geodesic a"™1b"*2 is a combinatorial k-systole and
n? <k <I(S)=n*+n.
2. Sin? —n <k <n?> = s5(S) = 2n + 2. In particular, the
closed geodesic a" 1"+ is a combinatorial k-systole and
n?—n <k <I(S)=n

©



Coding the limit set Self-intersection and combinatorial length Combinatorial k-systoles

00000000000 00000 00000000000 000000e000000
:

COMBINATORIAL k—SYSTOLE 40

Theorem 14 (E.A.A.D-M.Gaye-A.K.Sané )
Let S be a Schottky surface of rank 2.Then
IC
lim K(5)
k—4o00 k
liminf I(S) —k=0 et limsup I(S) —k = +oo.

=1.
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SPECTRUM OF COMBINATORIAL k—SYSTOLES 41
Question 3

> Let m be an integer of [k, [[(S)], does it exist a
combinatorial k—systole v such that: (v, ) = m?
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SPECTRUM OF COMBINATORIAL k—SYSTOLES 42

HYPERBOLIC SURFACE

Theorem 15 (E.A.A.D-M.Gaye-A.K.Sané )

Let S be a hyperbolic torus and k € N. Then for any integer m of
lk, IL(S)], there exists a combinatorial k—systole ~ such that

i(y,7) =m.
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SPECTRUM OF COMBINATORIAL k—SYSTOLES 43

PAIR OF PANTS

Theorem 16 (E.A.A.D-M.Gaye-A.K.Sané )
Let S be a pair of pants and k € N.
1. If si(S) is odd, then for any integer m of [k, It (S)], there exists a
combinatorial k—systole ~y such that i(vy;y) = m.
2. If s{(S) is even, then for any odd integer m of [k, I;(S)], there
exists a combinatorial k—systole ~y such that i(~y;~y) = m.
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GEOMETRIC LENGTH 44

ERLANDSONN-PARLIER CONJECTURE

» V.Erlandsson- H.Parlier- TH.Vo :
Y hyperbolic surface with at least one cusp, 3 Kg € N such
that for any k > Ky, the k—systoles are exacts

lim I(X) — k= 0.

k—+o0

Conjecture (Erlandsson-Parlier )
If ¥ is a compact hyperbolic surface, then

limsup Ix(X) — k = +o0.

k—+o00
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COUNTING CLOSED GEODESICS 45

#G(L,K) = {y € G°(S); L(v) <L; i(v,v) <k}

Question 4
> What is the asymptotic behaviour of #G(L,K)?
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