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The Problem

Theorem (JV)

Let (M, w) be symplectic. Then the universal central extension
of the Fréchet Lie algebra X ,,(M,w) of Hamiltonian vector

fields is given by
(M)

3Q2(M)

where § = =+ %, dx,, is the Poisson homology differential.

And when we see a Lie algebra on cohomology ... we can not avoid
looking for an L., algebra on the complex.

Is there an according L.-algebra on (221(M),§), and if yes
how does it look 7







L--algebras

Example : The Observable algebra of a multisymplectic manifold

Operators in (symplectic) Poisson homology

The L..-algebra of a symplectic manifold



What is an L..-algebra?

Definition : Ly.-algebra

L, I;, with {L;} = L, graded vector space and /; : A'L, — L,
i > 1 of degrees 2 — i, such that

0= X1y, -os Xo(i))s Xo(i+1) > Xo(n))

itj=n+1
o €ush(i,n—i)

+ = (—1)UtVsgn(0)e(o; x)

> generalization of differential graded Lie algebras
» Q@-manifolds over a point

» graded coderivations squaring to zero

» Lie algebras up to homotopy



The transfer theorem
Transfer Theorem (LV)

Let L, be an L.-algebraand f : Ly — R, a quasi-isomorphism
of complexes. Then there is an L.-algebra structure on R,
and an Lo.-morphism F : Ly — R, refining f.

Theorem (BFLS)

Let Ly = (... = L1 — Ly — F) be a resolution of the Lie
algebra F.
> A skew-symmetric h : Ly X Ly — Lo covering the Lie
bracket on F can be extended to an L..-algebra
structure on L,.

» If |, is zero on boundaries, then the structure can be
chosen such that /; are non-zero only on Lg.

This still can work when the complexes are not trival
cohomologically.



The multisymplectic L.-algebra

Theorem (Rogers)

Let (M,w) be multisymplectic of degree k + 1. The following
forms an L.-algebra :

> Lo={a | IXs € X(M): da = —1x,w} C QM)
> L ;= QK1I(M) for i > 1.

> Fori>1 1l N Lo — Lo_j,
ll+1)
li(a, ..., a;) = —(=1) W( Koy y ovey Ky s+ 57

This algebra has a very specific type :
» The complex L is degree-bounded in between 0 and —k + 1.
» Except for /1, only bracket starting in A’Lq are non-trivial.

» The equations boil down to /; o ;11 = lj 0 J),.



Operators for the Poisson homology of a symplectic manifold

Let M,w be symplectic of dimension 2n, then there are the
following operators on the de Rham complex

L:= WA, A= Ly H = (n — deg())
Then we have, for § = [A, d]

AL =H [H,A] = 27 [H, L] = —2L
[L,d]=0 A d] =6 [H,d] = —d
A, 6] =0 [L,6]=d [H,0] =6

Universal central extension formulas :

. QY(M)
P s (m)

[, 8] := (66 )

— xHam(M)a p(a) = Xsa




First steps to the solution

» BFLS implies that it suffices to find maps
Ik : NC®(M) — Q*~Y(M) such that [ 0 9. 4 = dlks1.

> Very naive approach : my : @ C®(M) — Q¥~1(M), given by
mk(fl, ey fk) = fidhb A ... \ dfy

» Naive approach : A/t(mk) NEC®(M) — QK= (M)
Alt(my)(fr, s fi) = ¢ LSk (—1)*F1fdf A dfi... A dfy

Problem :

L an)Ale(my 1)

Alt(mg) o 8{,’.} =(-0+ P




Repairing the lower degrees

my o0 = (=0+ %d/\)A/t(m3)
(=5 %5L/\)Alt(m3) o (—id— %L/\)Alt(mg,).
So we can set ) )
= (—id — EL/\)A/t(mg,).
We go on calculating
hodce = (—id — %L/\) o Alt(m3) o Oce
S %w\ - %6L/\)Alt(m4) — 5(id + %L/\)Alt(m4)
Hence, we can set

- 1
s = (id + SLN)Alt(ma)



Repairing the lower degrees (2)

> Less naive approach : i, = £(id + = LA)Alt(my
k-1

However,
lhod 5(—id Lin 1BA%An( )
o = — —_ = -
4 CE 1 2 % ms
7 . 1 P
Is 0 Ocg = 5(Id + gL/\ + IOL A )A/t(mﬁ)
But

- 1 1 1
b =—(id + LA+ = L°N*+

B
6" " 60 something &\ JATE(m)



The solution

We set
o= (=1 | Y _a L' | Alt(my)
1>0
with
g (k=11
K7 (k=)

Theorem (JRV)

The brackets I, = I 0 0, : AKQY(M) — QK—1(M) together

with § define an L..-algebra, L,, such that the natural map
1

Ly — % is an Ls.-homomorphism.




Thank you a lot for your attention !
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