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These slides correspond to a mini course on the subject of Critical
Phenomena given in Ubu, Esperito Santo, Brazil, in February 2016.
It corresponds to three courses at an introductory level.

This course is based on the book (and try to keep the same
conventions) :

Scaling and Renormalization in Statistical Physics, John Cardy,
Cambridge University Press (1996)
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Introduction



Introduction

We consider some macroscopic object (a chalk). If we cut it in
two pieces, each piece will continue behaving like the original
piece. Same density, compressibility, magnetization, etc.

We continue dividing it by two. After many iterations, we will
reach the microscopic scale and the properties will change. We
will have reach a length which is defined as the correlation
length of the considered material.

The correlation length is the distance over which the fluctuations
of the microscopic degrees of freedom are correlated. For a
distance much larger than this correlation length, macroscopic
laws.

In most systems, the correlation length is very small and
corresponds to few microscopic spacings.
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Introduction

e By changing external parameters like temperature, pressure,
etc, the behavior of a macroscopic material can change brutally.
(Melting of a ferromagnet or ice are simple examples.) The
changing points (in the parameters space) are defined as critical
points.

e These critical points usually mark a separation between two
phases : magnetized and paramagnet or ice and liquid, etc.

e Two types of transitions.
1) Transition with coexistence of the phases (melting ice) and
discontinuity in some thermodynamics quantities (latent heat) :
First order phase transitions.
i) No coexistence of the two phases. At the transition point, a
unique critical phase, with fluctuation acting on the whole
system, with an infinite correlation length : continuous or second
order phase transition.
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Introduction

e Critical phenomena is associated with the study of physics at
the critical point of second order phase transitions.

e Infinite correlation length implies no scale in the system : scale
Invariance.

e The fact that there is a large correlation length can make the
study very complex. In fact, it will lead to many simplifications.

e One of the most important is universality : a system close to the
continuous phase transition is largely independent of the
microscopic underlying model. It will be in one of a small
number of universality class depending on global properties
such as the symmetries, the spatial dimension, etc.

e The universality will be manifest when computing the critical
exponents associated to the critical transition : these exponents
will depend only on the universality class, even for models which

correspond to a different microscopic model.
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Introduction

e C(Critical pnenomenas are present in many places in real life. To
give some definitions, we will first present some simple
examples. We will present two well known examples of systems
which exhibit a second order phase transition : i) Ferromagnets
1) simple fluids.

e Other examples : Binary fluids, antiferromagnets, Helium |/
Helium Il transition, Conductor /superconductor transition,
Baryogenesis and Electroweak Phase Transition, cosmic
inflation, etc.

e Ferromagnets : a system with two external parameters,
temperature 1" and external magnetic field H.
Local magnetization can be in 3 dimensions (Heisenberg
model), 2 dimensions (XY model) or just one dimensional (Ising
model).
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Introduction

e We will consider the simple case restricted along one
dimension.

e Very simple phase diagram : one line of singularities for
H=0,T<T.,.

e Inthe rest of the phase diagram, all the thermodynamical
quantities are regular (i.e. analytical functions of H and 7).

e We will consider the magnetization M : order parameter.

e T'<T, M(H)has adiscontinuity for H = 0 — First order phase
transition.

o limg_ 0, M = My=—limg_o_M : spontaneous symmetry
breaking : Hamiltonian is invariant under local magnetic degree
of freedom but the symmetry is not respected in an equilibrium
thermodynamical state.
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Introduction
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Figure 1: Top : Phase diagram of a ferromagnet. Bottom : Magneti-
sation as a function of the applied magnetic field
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Introduction

e The discontinuity is a power of the deviation to the critical point.
We defined ¢ = == the reduced temperature. This reduced
temperature will be frequently used in the following as a

parameter to describe the transition.

e AtT =1T.— Second order phase transition. No discontinuity in
the order parameter but on his first derivative. T, is the critical
temperature or Curie temperature.

e We will now define the quantities of interest, the critical
exponents, at the critical point.
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Introduction

e « : Specific heat in zero field : C' ~ A|t|~*. A is the critical
amplitude.

e [3: Spontaneous magnetization : limy_,o, M ~ (—t)".

e 7 : Zero field susceptibility : x = (93) = [

e 0:AtT=T. M~ |H|'

e v : Correlation length exponent : £ ~ [t|7. £ can be defined, for
T # 1T, by

G(r) = (1)

r(d=1)/2

e 1 :anomalous magnetic dimension : G(r) ~ r¢=2*1.
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Introduction

e The second example is the one of the perfect fluid with a
transition between vapor and liquid. At the end of 19 century,
Van der Waals showed that, by using an appropriate scaling of
temperature and pressures, all fluids behave in a similar way.

e Scaling is done compared to some critical value of the
temperature, pressure and density, which is the border between
the two phases, gas or liquid.

e Along this border, very similar to the ferromagnetic transition
with a critical point at the end. The order parameter in that case
Is the density of the fluid.
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Introduction

4 P

Solid Liquid

Gas

>
T

Figure 2: Phase diagram of a simple fluid
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Introduction

4 P

1T > 1T,

Figure 3: Liquid gas transition
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Introduction

Universality and comparison with experimental systems :

Transition type Material | « B vy v
Ferro. (n=3) Fe,Ni | -0.1 | 0.34| 1.4 | 0.7
Superfluid (n=2) He* 0 0.3 | 1.2 | 0.7
Liquid-gas (n=1) || CO,, Xe | 0.11 | 0.32 | 1.24 | 0.63
Superconductors 0 1/2 1 1/2
Mean Field 0 1/2 1 1/2
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Basic model : Ising model

e We introduce one of the simplest model that we use as a basic
example in the following : the Ising model. It consist of a system
with a variable, the spin S, which takes two values, +1 or —1 on
each point of a regular lattice with nearest neighbor interactions.
The associated energy is

<13> 1

The first sum is over the nearest neighbor interactions, indicated
by < iy >. The second sum corresponds to a local magnetic
field which couples to the spins S;.

e J,; — Jandh; — H. Otherwise, model with disorder (spin
glasses) or Random Fields Ising model, which are more difficult
to treat.
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Basic model : Ising model

E(J,H)=-JY 85, -HY S, . (3)

<13> 1
The theory is then defined by the partition function
Z(J,H) =Y e PEUH) (4)
Si

with g = 1/T the inverse temperature. We can compute the
ordinary quantities from the expression of Z.
1 02
(J,H) M e 1 0Z(J, H)
Z(J,H) 0p BZ(J,H) O0H

< B >=

(9)
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Basic model : Ising model

e The Ising model can be considered as a simple theory of the
magnetism.

e atlow temperature i.e. atlarge value of 3, the interaction term
will be important and the spins will tend to be aligned =
magnetic phase

e at high temperature i.e. at small value of 5, the interaction term
Is less important. The system will be in a disordered phase =
paramagnetic phase.

Z(J, H) = / dEN (E)ePE (6)

with V' (E) the number of configurations with energy E.
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Basic model : Ising model

If we consider a system with /V spins in dimension d, then the
lowest energy iIs £ = —d x N : all the spins are up or all the
spins down

A simple check shows that (having fixed J = 1 for simplicity)
Z(B,H=0) = 2e"N(1+ Ne ¥ (7)
+O(N)e~®=28 L O(N?)e=8 .. )

For d > 2, there exists a value of 5 = 3. at which the
magnetization cancels.

For 5 > 5., m =< M > /N — 1 : Energy dominates.

For 5 < 8., m — 0 : Entropy (the number of configurations)
dominates.
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Basic model : Ising model

N m

T. T=1/p
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Basic model : Ising model

e In one dimension, the Ising model is rather trivial. For 7" > 0 it is
always in the paramagnetic phase : see later.

e Intwo dimensions can be solved exactly (Onsager): equivalent
to a problem of free fermions (QFT) or one of the simple
Conformal Field Theories (with central charge ¢ = 1/2).

e Ind > 2 no solution. Only approximate methods.

e Main problem is that it is too difficult to compute the partition
function Z.
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Mean Field Theory

e Mean Field theory is a rather general way of describing phases
transition which uses general arguments to obtain a qualitative
description of the phase diagram of simple models.

e Inlarge dimensions it can give exact results for the critical
exponents

e Mean Field theory dates back to Van der Waals who derived the
first mean field theory for transition between liquid and vapor in
1873. Next, in 1895, Pierre Curie noticed the analogy with
ferromagnets. This was developed further by Pierre Weiss in
1907. General theory is associated to Lev Landau (1937).

e We will first consider the simple case of the Ising model

Z(J,H) =Y B8 2cijs SiSitBH Y, Si (8)
Si
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Mean Field Theory

e The first step of the Mean Field approach is to replace the spin
variable S; by an average magnetization plus some fluctuation

S, = M+ (S;— M) =M +dS, (9)
S5 = (M +(Si— M))(M + (Si — M)
= M?+ M(S;— M)+ M(S; — M) + O(dS?)
M(S; + S;) — M? + O(dS?) (10)

e We end with the simplified model

Z(JH) =Y o~ NBgM?*+B(IM+H) Y. S; (11)
Si

e What we have done is to neglect the correlation between the
spins. Later on, we will give a criterium for the validity of this
approach.
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Mean Field Theory

e The summation on the spin is now trivial since there is no more
interaction :
Z(J, H) _ e—NﬁgMQH Z oB(IM+H)S
1 S==%1
= ¢ NByM 2coshB(JM + H)Y

_ e—N(B%MQ—log (coshB(JM+H)))

— o NBfmr(M) (12)

)

with fy (M) the free energy per site. From the previous
expression, we can easily obtain the magnetisation :
1 02

M:NBZaH:tanhﬁ(JM—FH) (13)

e A simple assumption is that the partition function is dominated
by the minimum of the free energy (which is multiplied by V)
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Mean Field Theory

e We then expend to the first orders in M the free energy (for

H = 0)
Fup(M) = %MQ _ %m (coshB(JM)) (14)
— %MQ — %ln (1 + %(BJM)Q + %(WM)‘l + - )
= M= GBI+ (BTN
S (GBIMP) +
We end with the expression
frr(M) = %(1 — BJYM? + 1—1253J4J\44 + O(M°) (15)
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Mean Field Theory

e Using 6 = 1/T we can rewrite
fur(M) = a(T — T.)M? + bM* + O(M°®) | (16)

withaand b > 0and 7. = J.

e IfT > T, thereis aunigue minimum of the free energy for
M = 0 and the free energy is symmetric under M — —M.

o IfT < T, thereistwo minimumsat M ~ ++/1. — T ~ ++/—t
and the symmetry is broken.

e The critical exponent associated to the magnetisation
M ~ (—t)P is thus 3 = 1/2 for the mean field theory.
(5 in that case is the critical exponent associated to the
magnetisation, NOT the inverse temperature !!!)
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Mean Field Theory
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Mean Field Theory

e Other critical exponents can be computed in a similar way. For
instance, starting from M = tanhfp(JM + H) and using
tanhz = (1 — 2%/3) + O(z*), we get, at T, = J

M~M+H/J— M?/3, (17)

which gives the behaviour of the magnetisation in function of the
external magnetic field at the critical point as

S|

M:B%:B (18)

with 0 = 3 the corresponding critical exponent.
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Mean Field Theory

General approach of the Mean Field (Landau Theory)
e Determine the order parameter (M)

e Consider the symmetry of the problem

e Construct the more general free energy in powers of the order
parameter compatible with the symmetry
For the ferromagnetism, with invariance under M — —M

F(M) = aaM? + ayM* + agM® + - - - (19)

e We minimize (saddle point) the corresponding partition function

7 = / dM e~ BT M) (20)
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Mean Field Theory

e For the ferromagnetic system (or the simple Ising model), we
had a, ~ 71T — T. and a, > 0.

e If we consider a, < 0 then we get a first order phase transition.

e If we consider a, = 0 then we get a tricritical point
corresponding to the separation between a line of second order
phase transition and a line of first order phase transition.
Example : Magnetic system with vacancies.
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Landau-Ginzburg-Wilson model

e One way of obtaining or derive the mean field Hamiltonian is by
starting from a continuous spin variable S(7).
(in the following, we will drop the vector for 7 and replace it by a
single parameter r. The generalisation to a vector is rather
trivial).

e We will impose that this spin variable is peaked around the
values +1

H = —% Z, J(r—r")S(r)S(r")—H Y S(r)+A Z(S(T)2—1)2(21)

with the last term to impose the condition S(r) ~ +1.

e J(r—1')is acoupling between the spin S(r) at some distance
r — r’. More details on this later.
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Landau-Ginzburg-Wilson model

e The partition function is simply

Z = / T dS(r)e ™ (22)

e Now we use
ZJ(T—T’)S(T)S(T’) = ZJ(T—T’)S(T) X (23)
<(S(r) + (r = F)TS(r) + 5 (r = rPVAS(r) + )
= J) (S(r)* = R**(VS(r))* + )
with

J=3"J(r) ;R =Y 12J(r), (24)

and a a unit of length.
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Landau-Ginzburg-Wilson model

e Putting all the terms together, one obtain
H = /ddr 1Ja2R2 (VS(r))* — (2X 4 J)S*(r)
+ASH(r) — H(r)S(r)] (25)
e Next we will rescale the field S(r) such that

S%(r) — (a2 /JR?)S?(r) . (26)
e We end up with

H = /dd )2 +ta 252 (r) +ua®1S5* + ha=%?715)(27)

e The new parameters ¢, u and h are dimensionless.
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Landau-Ginzburg-Wilson model

e If we want to impose invariance under rescaling (why ? see
later....) of this Hamiltonian under a rescaling a — ba, then we
need also to rescale the parameters such that

t = bt
o= ¥/ (28)
U/ _ b4_du

e If d > 4, it means that the S* term becomes less and less
Important.

e Aterm S°would have got a contribution u; = v°*?ug. Even less
relevant.

o S?" parameter u,, is rescaled as u), = a!"~14=2"_ This justifies
to ignore largest powers in the field. The same is true for
additional derivatives, etc.
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Landau-Ginzburg-Wilson model

We will return to the Landau-Ginzburg-Wilson model later after
having understood the importance of rescaling. Before, some
comments :

e If we ignore the kinetic term (with derivatives), we ignore the
local fluctuation of the spin variable S(r). We recover the mean
field Hamiltonian from the Landau theory.

e The result does not depend much on the type of interaction
J(r —r') as far as J and R*J are finite numbers. The simplest
choice is with nearest neighbour interactions (like for the Ising
model on the lattice) :

rl=1— J(r)=1
| >1—= J(r) =0

e amore general choice is J(r) ~ .
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Landau-Ginzburg-Wilson model

e We then have the condition

A 1
J=> J(r)~ / ri~Ldr =" A (29)
- a reTo

which will be finite for any o > 0.

e A second condition is

A
JR* =Y r?J(r) ~ / rdﬂdrrdig = 2 oA (30)
which will give a finite result for any o > 2 which is the condition
for having short range interactions, equivalent to the nearest
neighbour interactions.
We then expect that any interaction with this condition will lead
to the same result : Universality of interactions.
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Renormalisation group

e We will present now some very basic version of the
renormalisation group.

e One of the main characteristics of a critical phenomena is the
property of scale invariance.

e \We can rescale a system and observe again the same thing (in
average !!!) : coarse graining.

e This can be visualized on simple systems simulated numerically.

e We will first show some examples for the 2d Ising model, at T,
and close to T..

e Next we try to see the consequences of the scale invariance for
a simple model in one dimension.
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Renormalisation group, Ising model

e (i) We will start from a configuration of an equilibrated 2d Ising
model on a large square lattice. We will show only 81 x 81 spins
Sia:,iy-

e (ii) The next step is to transform this configuration in 27 x 27 new
spins N.S;. ;,,, such that each of the N.S;, ;, is obtained by
summing over 3 x 3 spins : block spin transformation

N Siz iy = S3iz—2,3iy—2 + O3iz—1,3iy—2 + O3iz 3iy—2 + S3iz—2,3iy—1
+53i5—1,3iy—1 T O3iz,3iy—1 T O3iz—2.3iy T O3iz—1,3iy T O3iz,3iy
If NS;.., > 0, the new spin is +1, otherwise it is —1.

e (iil) Next we rescale by a factor 3 to consider again a system of
81 x 81 spins

e We go again to step (ii)
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Renormalisation group,
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Renormalisation group,

N=27
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Renormalisation group,

N=27
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Renormalisation group,

N=27
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Renormalisation group,

N=27
N=27
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Renormalisation group,
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Renormalisation group,
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Renormalisation group,
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Renormalisation group,

N=81 - - N=27
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Renormalisation group,

N=81 ' N=27 ' N=81
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Renormalisation group,

N=27
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Renormalisation group,

N=81 N=27 ' N=81
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Renormalisation group,

N=27
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Renormalisation group,

N=27 - : “N=81
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Renormalisation group,
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Renormalisation group,
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Renormalisation group,
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Renormalisation group,

N=81
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Renormalisation group,

T N=81
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Renormalisation group,

T N=81
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Renormalisation group,

T N=81
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Renormalisation group,

........ =18 i N : i = T
N=27
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Renormalisation group,

........ N:81" i - : i N:8i i
N=27 ' N=81

Critical Phenomena Ubu, 22-26 February 2016



Renormalisation group,
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Renormalisation group,
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Renormalisation group,
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Renormalisation group,
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Renormalisation group,
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Renormalisation group

We observed that under rescaling there is three different behaviors
under successive rescaling :

e ForT < T.the system becomes more and more magnetized. It
flows towards the zero temperature attractive fixed point.

e ForT =T, the system does not change. It is scale invariant.
Corresponds to a unstable fixed point.

e ForT > T, the system becomes more and more disorganized, it
flows towards the infinite temperature attractive fixed point
(paramagnetic).
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Renormalisation group

N m

v
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Renormalisation group

N m
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Renormalisation group

e We will show how this works for the one dimensional Ising
model using decimation (simple version than block spins).

e We search a fixed point of the decimation transformation such
that

7 — Z eKsz'Si—l—l _ Z 6K5232+1 (31)
S s/
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Renormalisation group, Ising model

e We use the relation ¢*%i% = cosh K (1 + tanh K s;s,) to obtain
ehts2ssphsssaghisass — (cosh K)?(1 4 tanh K sys3) X (32)
X (1 + tanh Ks3s4)(1 + tanh K sys5)

e Forthe summation over s; and sy, only terms with even powers
have a non zero contribution, so

Y efteemsehtunsaghsess — 92(cosh K)?(1 + (tanh K)®ses5) (33)

53,54

e Up to some multiplicative factor, which depends only on K, we
got

Z 6K82836K83S46KS4S5 ~ 6Kl8285 (34)

53,54
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Renormalisation group, Ising model

e We obtain the condition
tanh K’ = (tanh K)? , (35)

which is a renormalisation group equation.

e There is two fixed points for this equation :
) tanh K’ = 1 which corresponds to K = occ. Since
K = (J ~ 1/T, this is the zero temperature fixed point.
Unstable fixed point.

i) tanh K’ = 0 which corresponds to K = 0 or T' = co. Stable
fixed point.

® > > > > ®
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Scaling theories

e We consider again the Landau-Ginzburg-Wilson Hamiltonian.
We had obtained the following result :

H— / dr| 2 +ta-2S2(r) + ua=1S* + ha=¥2-15)(36)

with a a dimension parameter (the lattice spacing).

e \We want to rescale this parameter and impose invariance of the
Hamiltonian : a — ba. This will then impose the following
redefinitions of the parameters ¢, v and h.

t' = bt
W= b¥*h (37)
u/ _ b4_du

e In any dimension, the ¢t parameter will increase. So the criticality
has to be associated to the condition ¢ = 0.
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Scaling theories

e The condition t = 0 is the same condition we already obtained
from the mean field approach (the quadratic term in M was
(1-p8J) —=>1T.=J).

e The same is also true for the linear term. The system will be
critical only at zero magnetic field.

e The relevance of the quartic term will depend on the dimension :
For d > 4, u — 0 under rescaling. The term is irrelevant and we
can forget it.

For d < 4, u — oo under rescaling. The term is relevant :
e = 4 — d expansion, Wilson-Fisher fixed point.
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Scaling theories

e We will consider the case with no external field, i.e. h = 0 and
with « = 0 but allowing a thermal deviation.

e This corresponds to the Gaussian theory with a mass term :

H = /alalr[(VS(r))2 + m2S%(r) + a18(r) + a2 S%(r)
+a3S>(r) + asS*(r) + -] . (38)

The last terms with a1, as, as, a4, - - - are perturbations of the
Gaussian theory.

 Propagator of this theory is simply 5.
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Scaling theories

e We can compute the correlation function of the field S(r) as

vk

< S(0)S(r) > / dlk /@6 ‘

T mE o pdD)2

—Trm

(39)

(for r >>1/m...).

e The mass term is the inverse of a length. We replace this term
by m ~ 1/£(T") which defines the correlation length £(T7). The
critical point corresponds to the cancelation of the mass m and
Is the point at which £(T") diverges. In that case, we can check
that the correlation function is given by :

< S(0)S(r) >~ —— (40)

rd—2
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Scaling theories

e This correlation length gives a scale to the problem. For
r >> £(T), the correlation decreases very quickly.

e For a given temperature, if we rescale the system by » — br,
then the correlation is changed by

o~ (=D iy

< S(0)S(r) >= = < SO)S(r) > (41)

e Then the correlation function is modified and in the limit of large
b (or of many small step) goes to zero.

e This correspond to the situation for 7" > T,. or 1" < T,. as we have
seen before for the 2d Ising model.

e Thecase T =T, corresponds to £(7,.) = oo for which the
correlation function is a pure power law
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Scaling theories

e Scale invariance is one of the particular symmetry that we can
Impose.

e We can consider more general operators, like S(r) or S*(r),
S3(r) etc. Each operator A will have some scaling dimension
Ay.

e Invariance under scale invariance (+ translation + rotation +
normalisation + inversion ) will impose the following general
result

< A(r1)B(r3) >= f(r1 —3) = f(Iri — 3|)
B CaBOAB B 0A.B
- TAA—|—AB o TQAA

(42)

e We can even do better by imposing conformal invariance or
local scale invariance — Conformal Field Theories
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Renormalisation and scaling theory

e In the two previous sections, we show that at the critical point
there is scale invariance. Away from this point, under a
rescaling, the parameters controlling the deviation to the critical
point are rescaled.

e In general, one can have more than one parameter (i.e.
temperature and magnetic field, density of vacancies, etc.)

e The transformation under a rescaling is written as
{K/} — Rb{K} 9 (43)

with { K'} the set of parameters, b the scaling parameter and R
the transformation under a rescaling. For the 1d Ising model, we
had the transformation tanh K’ = (tanh K)*
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Renormalisation and scaling theory

e We suppose that there exists a fixed point of the RG
transformation { K*}. We will assume that R is differentiable at
the fixed point. Then we can linearize the RG equations close to
the fixed point.

K, — K; ~ ) Tw(K, — K;) | (44)
b

: oK’
with T, = AT

e )\, {y'} are the eigenvalues and eigenvectors of T,
e u;=>,¢ . (K,— K) are defined as the scaling variables.
e Under a RG transformation, their transform as

The relation \; = b¥ defines the RG eigenvalues y;.
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Renormalisation and scaling theory

v
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Renormalisation and scaling theory

o y; >0 — uy;lIsrelevant
o y; <0 — uylsirrelevant
e y; =0 — u; IS marginal

e We consider again the Ising model : it has two scaling
variables : the thermal w,, y; and the magnetic uy,, y.

e For the Ising model, no mixing of these parameters : Symmetry
plays a role !!!

e¢ Under a RG transformation we have
Z = Y e MO =Y HE)
S o)/

e~ NFH{K}) (46)
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Renormalisation and scaling theory

e This then implies the relation
FUEY) = g({K}) + b fF({K'}) (47)

e To explain this relation, remember for the 1d Ising model :

Y efteemseltunsaghsess — 92(cosh K)?(1 + (tanh K)®sas5) . (48)

83,54

This (cosh K)° term will give something proportional to NV so the
g part, while the (tanh K)° will give something proportional to
b~'N so the f part.

e Only the homogeneous f part will be important, the other one
will give an analytical function of the parameters and thus does
not contribute to the computation of the critical exponents. This
will be denoted by f, in the following.
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Renormalisation and scaling theory

e We can then iterate n times the RG transformations

fs(ug, up) = b_dfs(bytut, borhuy) = b_"dfs(b“ytut, b"ruy)  (49)

e We choose n such that b u; = uy, with u,, a fixed value.

Fo(ug, un) = |ue /| Y fo(uy, wn(ue /ug,) 797/%) | (50)
Or
_ d/yt h/ho
fs(tvh) — ’t/tO‘ W(\t/to\yh/yt) ) (51)

with ¢ some scaling function.

e Form there, it is very easy to deduce a relation of all the critical
exponents with y; and y;,.
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Renormalisation and scaling theory

e Specific heat :

0? d
_f _ ’t‘d/yt—Q s =92 —
Ot? |h=0 Yt
e Spontaneous magnetization :
of _ d — Yn
O pld-v)ive _y g —
6h|h=0 ‘ ‘ 6 Yt
e Susceptibility :
(92f th —d
=~ J — |¢ (d—2yn)/yt N~y —
Oh? |h=0 t 7 Yy

(52)

(93)

(54)

e All these exponents depend only of y; and y;, : Scaling relations

a+28+v=2; a+pB(1+9) =2

Critical Phenomena
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Perturbative renormalisation group

e We have seen that a rather general theory can be described as
a Gaussian fixed point + perturbations

4 = / dr| 124+ ta=25%(r) + ua® 1S+ ha=%/2-19](56)

The Gaussian fixed point is the point in parameters space with
t =u = h = 0. At this point the theory is very simple and we can
compute any correlation function (free field theory !l).

e We have also seen that the perturbation associated to ¢ is
always going to be relevant close to the fixed point. If we start
from ¢ # 0, under rescaling, we will end up in a massive field
theory. So we need to fine tune this quantity to zero. The same
IS also true for the magnetic perturbation.
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Perturbative renormalisation group

e As for the quartic perturbation, it is irrelevant for d > 4 and
relevant for d < 4. We will now consider the case when d is
slightly lower than 4 and define a parameter ¢ = 4 — d.

e We will then compute close to the fixed point corresponding to
t=u=h=0.

e More generally, we can consider a theory for which we have an
"exact” solution with an Hamiltonian H, and a set of operators

@i -

7= / dpe™ o209 [ T (57)

with a scaling dimensions z; (/.e. the scaling dimension defined
earlier from the two point correlation functions).
¢1=S%$1:(d_2)/23 ¢2:SQ%$2:(d_2)3 ¢3=S4%
r3 = 2(d — 2)
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Perturbative renormalisation group

e We then start the perturbative development :

2=2 x 1-Xa [ <at)> (58)

1

+§§M%/?WW”%“9>&MW%

d'rid'ryd’r
X age [ < ar)bi(r)i(r) > St T

’l,j]{I
+ .. ]
Here, the correlation functions are computed with the original
fixed point corresponding to H,.

e The next step is to evaluate the correlation functions. We will
evaluate them by using Operator Product Expansion (OPE).
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Perturbative renormalisation group

< 9i(r1)0i(1r2)P >= ZCijk(rl —1ry) < ¢Op((r1 +72)/2)® > (59)

e Here & is any combination of operators located far from r; and
To.

e OPE can be proved in some simple examples (2d Ising model).
For the case we consider here, it is rather easy to derive the

values of C,y.

o (x(m —r2) does not depend on the choice of . We can then
write

Gi(r1)P5(2) Zka r1 — r2)or((r1 +12)/2) (60)

but we must remember that this is only true when inserted in a
correlation function.
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Perturbative renormalisation group

e We need also to specify how we perform the integrations with
multiple variables.

e We start with

Zﬁb(ﬂ%) —

o(r) (61)

a<r<lL ad—f’f

so we explicitly add a small distance cut-off « and a large
distance cut-off L.

e This can be interpreted as the lattice spacing and the size of the
system.

e If we have multiple integrations, we need to choose a way with
dealing when two operators become close one to the other one.

e Hard-core : operators have to remain at a distance larger than a.
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Perturbative renormalisation group

Renormalisation Group : We change the microscopic cut-off

a—a(l+0l) with 6l << 1 (62)

e The first term will change as

e The second term in the expansion will contain

(Y o
|r1—ra|>a(1401) Ir1—r2|>a a(1461)>|r1—r2|>a
e The last integral has to be taken in account :
1 ddTlddTQ
- O, a5 / 65
2 ; ; gk a(1460)>|r1—r2|>a g = ( )
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Perturbative renormalisation group

e The integral can be evaluated and gives S;a?s! with

Sq = (27)%F(d/2) the volume of the sphere of radius one in d
dimensions. Thus the second term can be absorbed in the
redefinition

1
Gk = gk — 55 > Ciikgig;ol (66)
ij
and we obtain

d
5k(gz’) — % — (d — il?k)gk — Z Cijkgz’gj + e (67)
]

after a rescaling to absorb S;/2.

e From there, the general strategy is to check the zero’s of the
B-functions.
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Perturbative renormalisation group

e We start from the solution corresponding to g; = 0 (Free
Gaussian theory in our case).

e [or each operator, we can check the relevance. We illustrate
this for the case with one operator and with one coupling g.

o We first check the lowest order 3(g) = % = (d — z,)g + - - -

B8(g) B8(9)
\\, g // g
d—x, <0 d—1z4>0

e Notethatd —z, = y,, the RG eigenvalue defined earlier.
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Perturbative renormalisation group

e Next we move, again for a single operator, to the next term :
Blg) =G = (d—zg)g — cg® + -+

B(g) B(g)
\\’ I /\\g
d— x4, <0 d— x4 >0
c> 0

o Ifd— =z, > 0 (relevant perturbation) and c > 0, we have, at this
order in perturbation a fixed point at the value g, = (d — z,)/c
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Perturbative renormalisation group

e In general, there is more than one perturbation and then a
corresponding number of coupling constants and beta functions
(and we need to diagonalize as seen above).

e The complicated part is to evaluate the C;;;.

e We go back to our original problem in which we had three
perturbations, corresponding either to S, S* or S*. In that case,
the starting problem is the Gaussian model for which we can
compute the C;;; rather easily, by contraction of operators (Wick
contraction).

SxS~1+8%: SxS52=25+8°: §x8*~48°+...
S?x S*=2445*4+6% . S?x S*~125%+85*+ ...
S x S =24+ 9652 + 7258 + - -
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Perturbative renormalisation group

e We ignore term of order S° or larger order or with more
derivatives since these would be irrelevant terms (see later).

e Note that a term S* appears in the OPE. This can be removed
by noticing that, under a redefinition S — S + «, then

tS 4+ uS? + hS* = est +t'S +u'S* +r'S° + u'S* (68)

We can absorb one of the powers by a choice of . So we can
get rid of the cubic term.

e The OPE coefficients can be read from the previous
expressions. For example, C\,.. = 72.

e Collecting all the OPE coefficients, we get :
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Perturbative renormalisation group

% = (d—(d—2)/2)h — 4ht + - --

= (d/2+1)h—4ht+ ---
% = (d—(d—2))t — h® — 4t* — 24tu — 96u> + - - -

= 2t — h? — 4t* — 24tu — 96u> + - - - (69)
‘% = (d—(2d —4))u —t* — 16tu — T2u* + - - -

— eu—1t> — 16tu — 72u® + - - -

e We will assume now that e =4 — d is small. We will expend h, ¢
and u Iin powers of ¢
h=hie+hge? + - t=tiet+toe® + -+ ; u=1ue+ ue+---
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Perturbative renormalisation group

e We impose the condition that all the 3’s functions are zero. A
simple inspection shows that we need to have
h=0(0) ; t=0(e) ; u=0(e)

e Then at this order in the ¢ expansion, we get :

dh
- = (d/2 + 1)hye® + O(€°)
dt 2 2 0 3
— = 2toe” — 96uie” 4 0(€”)
d
d—l; = eure — 72ute’ + 0(€”)
with the simple solution
u= 7—‘; +O0(?) ; t=0(?) ; h=O0(?) (70)

Wilson-Fisher fixed point
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Perturbative renormalisation group

e At the fixed point, we can reexpress

dt
b= = ot — h? — 4t? — 24ty — 96u® + - - -
24
= 2t—24ut+...:(2_i€)t+...
= (d—z)t+-- (71)

with the new dimension associate to the thermal perturbation
. =d—2+ %6 compared to the original dimension x; = d — 2.

e This dimension is associated to the exponent corresponding to
the correlation length by the relation

v=1/y,=1/(d—x;) =1/(2— %e) =1/2+ 1—12€—|—O(e2)(72)
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Perturbative renormalisation group

e Let’'s consider the term S° with a scaling dimension z4 = 3d — 6.
It's RG eigenvalue ys = d — x4 = 6 — 2d is negative for any
dimension larger than 3. But in fact, even at d = 3 it will be
irrelevant. Indeed, it is easy to see that

g
dl

But we have to consider this term at the Wilson-Fisher fixed
point, at which value u = ¢/72. Then
g
dl

= (6 — 2d)gs — 360ugg + - - - (73)

= (6 —2d)gs — (360/72)egs + O(€*)

= (=2 + 2¢)gs — 5ege + O(€°)

= (=3¢ —2)gs + O(¢) . (74)
So we see that this term is always irrelevant for any dimension
I
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Perturbative renormalisation group

Universality and comparison with experimental systems :

Transition type Material | « B y v
Ferro. (n=3) Fe, Ni | -0.1 0.34 1.4 0.7
Superfluid (n=2) He* 0 0.3 1.2 0.7
Liquid-gas (n=1) || CO,, Xe | 0.11 0.32 1.24 0.63
Superconductors 0 1/2 1 1/2
Mean Field 0 1/2 1 1/2
e (3d) O(e) 0.3268 (3) 0.631 (3)
IM Monte Carlo 0.32644 (2) 0.6300 (1)
e (2d) O(e) 0.130 (25) 0.99 (4)
IM Exact (2d) 0.125 1.0
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