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Aim of Talk

To explain some general constructions of Poisson structures
related to Poisson Lie groups and Lie bialgebras;

To look at one concrete example.
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Review on Lie Bialgebras—Definitions

Definitions:

A Lie bialgebra is a pair (g, δg), where g is a Lie algebra and
δg : g→ ∧2g is a linear map, such that
1) δ∗g : ∧2g∗ → g∗ is a Lie bracket on g∗, and
2) δg is a 1-cocycle:

δg[x , y ] = [δg(x), y ] + [x , δg(y)], x , y ∈ g.

a Poisson action of a Lie bialgebra (g, δg) on a Poisson
manifold (X , πX ) is a Lie algebra homomorphism

σ : g −→ V1(X ) (Vector fields on X ),

such that

Lσ(x)πX = (σ ∧ σ)(δg(x)), x ∈ g.

Example. (g, δg = 0) for any Lie algebra g.
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Review on Lie Bialgebras—Facts

Facts:

Every Lie bialgebra (g, δg) has a dual Lie bialgebra (g∗, δg∗),
where δg∗ : g∗ → ∧2g∗ is dual to the Lie bracket on g;

Lie bialgebras are in one-to-one correspondence with Manin
triples via the constructions of their double Lie algebras:

(g δg) =⇒ ((d, 〈 , 〉d), g, g∗),

where d = g⊕ g∗ as a vector space, g and g∗ are Lie
subalgebras, both isotropic w.r.t. the bilinear form

〈x + ξ, y + η〉d = 〈x , η〉+ 〈y , ξ〉, x , y ∈ g, ξ, η ∈ g∗.
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Review on Poisson Lie groups—Definitions

Definitions.

A Poisson Lie group is a pair (G , πG), where G is a Lie
group and πG is a Poisson structure on G , such that

m : (G × G , πG × πG) −→ (G , πG), (g1, g2) 7−→ g1g2

is a Poisson map.

A Poisson action of a Poisson Lie group (G , πG) on
(X , πX ) is a Poisson map

σ : (G × X , πG × πX ) −→ (X , πX )

that is also a group action.

Example. (G , πG = 0), where G is any Lie group.

Remark. Poisson groups are semi-classical limits of quantum
groups.
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Review on Poisson Lie groups–Facts

Facts:

A Poisson Lie group (G , πG) gives the Lie bialgebra (g, δg),
where g = Lie(G ), and

δg = deπG , g −→ ∧2g.

Have correspondences

Poisson Lie groups ⇐⇒ Lie bialgebras;

Poisson actions of (G , πG) ⇐⇒ Poisson actions of (g, δg).

A Poisson Lie group (G , πG) has dual Poisson Lie groups
and (Drinfeld) double Poisson Lie groups
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Review on Lie bialgebras—Examples

Complex semi-simple Lie bialgebras.

Let g be a complex semi-simple Lie algebra, t ⊂ g a Cartan
subalgebra and b ⊃ t a Borel subalgebra. Let g = n− + t + n be
the triangular decomposition.

The standard Lie bialgebra structure (g, δst) determined by

the standard Manin triple:
(

(g⊕ g, 〈 , 〉g⊕g), gdiag, g
∗
st)
)

,

where 〈(x1, x2), (y1, y2)〉g⊕g = 〈x1, y1〉g − 〈x2, y2〉g, with 〈 , 〉g
the Killing form of g, gdiag = {(x , x) : x ∈ g}, and

g∗st = {(x− + x0,−x0 + x) : x− ∈ n−, x0 ∈ t, x+ ∈ n}.

Every parabolic subalgebra p of g containing b or b− is a
sub-Lie bialgebra of (g, δst);

Other (quasi-triangular) Lie bialgebra structures on g
classified by Belavin-Drinfeld.
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Review on Lie bialgebras—Examples

Real semi-simple Lie bialgebras.

Fix a complex semisimple Lie algebra g. Let g0 be a real form of g,
e.g., g = sl(n,C), g0 = sl(n,R) or g0 = su(p, q). Let G0 be the
adjoint group of g0. Let B be the variety of all Borel subalgebras
of g.

(Well-known fact in Lie theory) There are finitely many
G0-orbits on B;

Each open G0-orbit in B gives a Lie bialgebra (g0, δg0);

Up to conjugations, theses are all the real forms of the
complex Lie bialgebra (g, δst);

Their dual Lie bialgebras are solvable; Their double Lie
algebras are g.
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Review on Poisson Lie groups—Examples

Poisson Lie groups related to a complex semi-simple Lie
group G :

The standard complex semi-simple Poisson Lie group (G , πst)
with Lie bialgebra (g, δst), where G is complex semi-simple;

(Standard) parabolic subgroups of (G , πst);

Belavin-Drinfeld Poisson Lie groups (G , πBD);

(G0, πG0), G0 real semi-simple Lie group, one for each open
G0-orbit on B. (There are 135 for the split real form of E8);

The dual Poisson Lie groups and double Poisson Lie groups of
the above.
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Three Constructions of Poisson structures

Construction I: using actions of the double:

Let (d, 〈 , 〉d) be the double Lie algebra of a Lie bialgebra (g, δg)
and its dual (g∗, δg∗). Let {xi} be a basis of g and {ξi} the dual
basis of g∗. Let

Λ =
1

2

∑
i

ξi ∧ xi ∈ ∧2d.

Lemma (Yakimov-L. Li-Bland-Meinrenken)

If σ : d→ V1(Y ) is a Lie algebra action of d on Y s.t. the
stabilizer subalgebra of every y ∈ Y is coisotropic w. r. t. 〈 , 〉d,
then

πY

def
= σ(Λ) =

1

2

∑
i

σ(ξi ) ∧ σ(xi )

is a Poisson structure on Y , and σ restricts to Poisson actions of
(g, δg) and (g∗, δg∗) on (Y , πY ).
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Three Constructions of Poisson structures—Cont’d

Constructing Poisson structures II: taking quotients

Lemma

Let (G , πG) be a Poisson Lie group and H ⊂ G a closed
coisotropic subgroup. If

σ : (Y , πY )× (G , πG) −→ (Y , πY )

is a Poisson action, then πY projects to a well-defined Poisson
structure on Y /H (if exists).

Example. If (G , πG) is a Poisson Lie group and H ⊂ G a closed
Poisson Lie subgroup, then πG projects to a well-defined Poisson
structure on G/H.
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Three Constructions of Poisson structures—Cont’d

Constructing Poisson structures III: mixed products:

Given manifolds X1,X2, . . . ,Xn, a Poisson structure πX on

X = X1 × X2 × · · · × Xn

is called a mixed product

if pi (πX ) is a well-defined Poisson
structure on Xi for each i , where

pi : X −→ Xi , (x1, x2, . . . , xn) 7−→ xi .

Equivalently, if p∗i C∞(Xi ) is a Lie subalgebra of (C∞(X ), { , }πX ).

Locally, for X × Y ,

πX×Y =
∑
i<j

αij(x)
∂

∂xi
∧ ∂

∂xj
+
∑
k<l

βkl(y)
∂

∂yk
∧ ∂

∂yl

+
∑
i ,k

γik(x , y)
∂

∂xi
∧ ∂

∂yk
.
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Three Constructions of Poisson structures—Cont’d

Lemma (L.-Mouquin)

Assume that we are given

((g, δg), (g∗, δg∗)): a dual pair of Lie bialgebras;

(X , πX ) and (Y , πY ): two Poisson manifolds;

two Poisson actions of Lie bialgebras:

ρ : g∗ −→ V2(X ) and λ : g −→ V2(Y ).

Let {xi} be a basis of g and {ξi} the dual basis of g∗. Then

πX ×(ρ,λ) πY

def
= (πX , 0) + (0, πY ) +

∑
i

(ρ(ξi ), 0) ∧ (0, λ(xi ))

is a mixed product Poisson structure on X × Y .
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Examples of Poisson spaces with Poisson actions

For a complex semisimple Lie group G , have naturally defined
Poisson structures on the following manifolds:

G as Poisson Lie group with πst or πBD;

G ∼= (G × G )/Gdiag with Poisson actions by (G , πBD);

G , the wonderful compactification of G ;

Conjugacy classes of G ;

Flag variety G/B with the quotient Poisson structure of πst;

Symmetric spaces G/K and their wonderful compatifications;

Real symmetric spaces G/G0, G0/K0, U/K0.
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Examples of Poisson Spaces with Poisson Actions—Cont’d

Common feature of these Poisson structures:

Invariant under action by the maximal torus T ;

Have finitely many T -orbits of symplectic leaves:

T Σ =
⋃
t∈T

tΣ, (Σ one symplectic leaf).

Basic problems:

Describe the T -leaves;

Find log-canonical coordinates on each T -leaf;

Cluster structure on each T -leaf?
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One Specific Example: Products of Flag Varieties

Most basic example: the flag variety G/B with the quotient
Poisson structure πG/B of πst on G . In general, define

Fn =

n︷ ︸︸ ︷
G ×B · · · ×B G/B,

where Fn is the quotient manifold of Gn under the action of Bn

(g1, ..., gn) · (b1, ..., bn) = (g1b1, b
−1
1 g1b2, ..., b

−1
n−1gnbn).

Facts

The product Poisson structure (πst)
n on Gn projects to a

well-defined Poisson structure πn on Fn.

Have diffeomorphism In : Fn → (G/B)n:

[g1, g2, . . . , gn] 7−→ (g1B, g1g2B, . . . , g1g2 · · · gnB).
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A Class of Examples

In general, let (G , πG) be a Poisson Lie group and K1,K2, . . . ,Kn

closed Poisson Lie subgroups. Let

Y = G ×K1 G ×K2 · · · ×Kn−1 G/Kn,

the quotient of Gn by K1 × · · · × Kn by

(g1, g2, . . . , gn) · (k1, k2, . . . , kn) = (g1k1, k
−1
1 g2k2, . . . , kn−1gnkn).

Lemma

The product Poisosn structure (πG)n on Gn projects to a
well-defined Poisson structure πY on Y .

Have diffeomorphism IY : Y → G/K1 × · · · × G/Kn:

[g1, g2, . . . , gn] 7−→ (g1K1, g1g2K2, . . . , g1g2 · · · gnKn),

so IY (πY ) is a Poisson structure on the product manifold
G/K1 × · · · × G/Kn.
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A Class of Examples—Cont’d

Theorem (L.-Mouquin)

IY (πY ) is both a mixed product Poisson structure on
G/K1 × · · · × G/Kn and can be defined using a Manin triple.

Application to the case of flag manifolds: Recall the
diffeomorphism

In : G ×B G ×B · · · ×B G/B −→ (G/B)n.

In(πn) is a mixed product Poisson structure. The projection

pj : ((G/B)n, In(πn)) −→ (G/B, πG/B)

to each factor is Poisson. The mixed terms well-undertood;

Expressing In(πn) using a Manin triple reveals the
“symmetries” of the Poisson structure πn and can apply the
general theory.
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The Poisson manifold (Fn, πn)

Define µn : Fn → G/B, [g1, g1, ..., gn] 7→ g1g2 · · · gn.B.

Theorem (L.-Mouquin)

1) The T -leaves of (Fn, πn) are non-empty intersections

µ−1n (B−vB/B) ∩ (BwB/B),

where v ∈W , w = (w1, ...,wn) ∈W n, and

BwB/B = (Bw1B)×B · · · ×B (BwnB/B).

2) Over this intersection, πn has corank

dim ker(1 + w1 · · ·wnv−1).
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The Poisson manifold (Fn, πn)—Cont’d

Theorem

Have a decomposition

Fn =
⊔
α∈A
Oα (disjoint union)

where A is a finite set and each Oα is a Poisson submanifold of
(Fn, πn) with natural isomorphism to Cmα for some integer mα.

Call the Oα’s the pieces of (Fn, πn).

Can compute πn in each piece explicitly.
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The Poisson manifold (Fn, πn)—Cont’d

Example. G = G2. A piece in F23 is the following Poisson
structure on A = C[x1, x2, x3, x4, x5, x6, x7, x8, x9].

{x1, x2} = −3x1x2

{x1, x3} = 2x2x2
3 + x1x3

{x1, x4} = −4x2x3x4 − x1x4 − 2x2

{x1, x5} = −6x3x3
4 − 6x2x3x5 − 6x2

4

{x1, x6} = 6x3x2
4x2

6 + 2x2x3x6 + 4x4x2
6 − x1x6

{x1, x7} = −12x3x2
4x6x7 − 2x2x3x7 − 6x3x2

4 − 8x4x6x7 + x1x7 − 4x4

{x1, x8} = 12x3x2
4x6x8 + 2x2x3x8 + 8x4x6x8 − x1x8
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The Poisson manifold (Fn, πn)—Cont’d

{x1, x9} = −6x3x5x3
6x3

7x3
8x2

9 + 18x3x4x2
6x3

7x3
8x2

9 + 18x3x5x3
6x2

7x2
8x2

9

− 18x3x5x2
6x2

7x3
8x2

9 − 54x3x4x2
6x2

7x2
8x2

9 + 36x3x4x6x2
7x3

8x2
9

+ 6x2
6x3

7x3
8x2

9 − 18x3x5x3
6x7x8x2

9 + 36x3x5x2
6x7x2

8x2
9

− 18x3x5x6x7x3
8x2

9 + 54x3x4x2
6x7x8x2

9 − 72x3x4x6x7x2
8x2

9

+ 18x3x4x7x3
8x2

9 − 18x2
6x2

7x2
8x2

9 + 12x6x2
7x3

8x2
9

+ 6x3x5x3
6x2

9 − 18x3x5x2
6x8x2

9 + 18x3x5x6x2
8x2

9

− 6x3x5x3
8x2

9 − 18x3x4x2
6x2

9 + 36x3x4x6x8x2
9 − 18x3x4x2

8x2
9

+ 18x2
6x7x8x2

9 − 24x6x7x2
8x2

9 + 6x7x3
8x2

9 − 18x3x2
4x6x9

− 6x2
6x2

9 + 12x6x8x2
9 − 6x2

8x2
9 − 6x2x3x9 − 12x4x6x9
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The Poisson manifold (Fn, πn)—Cont’d

{x2, x3} = 3x2x3

{x2, x4} = −3x2x4

{x2, x5} = −6x3
4 − 3x2x5

{x2, x6} = 6x2
4x2

6

{x2, x7} = −12x2
4x6x7 − 6x2

4

{x2, x8} = 12x2
4x6x8

{x2, x9} = −6x5x3
6x3

7x3
8x2

9 + 18x4x2
6x3

7x3
8x2

9 + 18x5x3
6x2

7x2
8x2

9

− 18x5x2
6x2

7x3
8x2

9 − 54x4x2
6x2

7x2
8x2

9 + 36x4x6x2
7x3

8x2
9

− 18x5x3
6x7x8x2

9 + 36x5x2
6x7x2

8x2
9 − 18x5x6x7x3

8x2
9

+ 54x4x2
6x7x8x2

9 − 72x4x6x7x2
8x2

9 + 18x4x7x3
8x2

9

+ 6x5x3
6x2

9 − 18x5x2
6x8x2

9 + 18x5x6x2
8x2

9 − 6x5x3
8x2

9

− 18x4x2
6x2

9 + 36x4x6x8x2
9 − 18x4x2

8x2
9 − 18x2

4x6x9

− 3x2x9 24 / 20



The Poisson manifold (Fn, πn)—Cont’d

{x3, x4} = −2x3x4

{x3, x5} = −3x3x5

{x3, x6} = x3x6

{x3, x7} = −x3x7

{x3, x8} = x3x8

{x3, x9} = −3x3x9

{x4, x5} = −3x4x5

{x4, x6} = 2x5x2
6 + x4x6

{x4, x7} = −4x5x6x7 − x4x7 − 2x5

{x4, x8} = 4x5x6x8 + x4x8

{x4, x9} = 6x6x3
7x3

8x2
9 − 18x6x2

7x2
8x2

9 + 6x2
7x3

8x2
9 + 18x6x7x8x2

9

− 12x7x2
8x2

9 − 6x5x6x9 − 6x6x2
9 + 6x8x2

9 − 3x4x9
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The Poisson manifold (Fn, πn)—Cont’d

{x5, x6} = 3x5x6

{x5, x7} = −3x5x7

{x5, x8} = 3x5x8

{x5, x9} = 6x3
7x3

8x2
9 − 18x2

7x2
8x2

9 + 18x7x8x2
9 − 6x5x9 − 6x2

9

{x6, x7} = −2x6x7

{x6, x8} = 2x6x8

{x6, x9} = −3x6x9

{x7, x8} = 2x7x8 − 2

{x7, x9} = −3x7x9

{x8, x9} = 3x8x9

26 / 20



The Poisson manifold (Fn, πn)—Cont’d

{x1, {x5, x9}}
= −72x3x5x3

6x6
7x6

8x3
9 + 216x3x4x2

6x6
7x6

8x3
9 + 432x3x5x3

6x5
7x5

8x3
9

− 216x3x5x2
6x5

7x6
8x3

9 − 1296x3x4x2
6x5

7x5
8x3

9 + 432x3x4x6x5
7x6

8x3
9

+ 72x2
6x6

7x6
8x3

9 − 1080x3x5x3
6x4

7x4
8x3

9 + 1080x3x5x2
6x4

7x5
8x3

9

− 216x3x5x6x4
7x6

8x3
9 + 3240x3x4x2

6x4
7x4

8x3
9 − 2160x3x4x6x4

7x5
8x3

9

+ 216x3x4x4
7x6

8x3
9 − 432x2

6x5
7x5

8x3
9 + 144x6x5

7x6
8x3

9

+ 36x3x2
5x3

6x3
7x3

8x2
9 + 1440x3x5x3

6x3
7x3

8x3
9 − 2160x3x5x2

6x3
7x4

8x3
9

+ 864x3x5x6x3
7x5

8x3
9 − 72x3x5x3

7x6
8x3

9 − 108x3x4x5x2
6x3

7x3
8x2

9

− 4320x3x4x2
6x3

7x3
8x3

9 + 4320x3x4x6x3
7x4

8x3
9 − 864x3x4x3

7x5
8x3

9

+ 1080x2
6x4

7x4
8x3

9 − 720x6x4
7x5

8x3
9 + 72x4

7x6
8x3

9 − 216x3x2
4x6x3

7x3
8x2

9

− 108x3x2
5x3

6x2
7x2

8x2
9 + 108x3x2

5x2
6x2

7x3
8x2

9 − 1080x3x5x3
6x2

7x2
8x3

9
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The Poisson manifold (Fn, πn)—Cont’d
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9 + 432x3x4x5x6x7x2

8x2
9

− 108x3x4x5x7x3
8x2

9 − 1296x3x4x2
6x7x8x3

9 + 2160x3x4x6x7x2
8x3

9

− 864x3x4x7x3
8x3

9 + 108x5x2
6x2

7x2
8x2

9 − 72x5x6x2
7x3

8x2
9 + 1080x2

6x2
7x2

8x3
9

− 1440x6x2
7x3

8x3
9 + 432x2

7x4
8x3

9 + 216x2x3x2
7x2

8x2
9 − 648x3x2

4x6x7x8x2
9
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The Poisson manifold (Fn, πn)—Cont’d

+ 216x3x2
4x7x2

8x2
9 − 36x3x2

5x3
6x2

9 + 108x3x2
5x2

6x8x2
9 − 108x3x2

5x6x2
8x2

9

+ 36x3x2
5x3

8x2
9 − 72x3x5x3

6x3
9 + 216x3x5x2

6x8x3
9 − 216x3x5x6x2

8x3
9

+ 72x3x5x3
8x3

9 + 432x4x6x2
7x2

8x2
9 − 72x4x2

7x3
8x2

9 + 108x3x4x5x2
6x2

9

− 216x3x4x5x6x8x2
9 + 108x3x4x5x2

8x2
9 + 216x3x4x2

6x3
9 − 432x3x4x6x8x3

9

+ 216x3x4x2
8x3

9 − 108x5x2
6x7x8x2

9 + 144x5x6x7x2
8x2

9 − 36x5x7x3
8x2

9

− 432x2
6x7x8x3

9 + 720x6x7x2
8x3

9 − 288x7x3
8x3

9 − 216x2x3x7x8x2
9

+ 108x3x2
4x5x6x9 + 216x3x2

4x6x2
9 − 108x3x2

4x8x2
9 − 432x4x6x7x8x2

9

+ 144x4x7x2
8x2

9 + 36x3x3
4x9 + 36x5x2

6x2
9 − 72x5x6x8x2

9 + 36x5x2
8x2

9

+ 72x2
6x3

9 − 144x6x8x3
9 + 72x2

8x3
9 + 72x2x3x5x9 + 72x2x3x2

9

+ 72x4x5x6x9 + 144x4x6x2
9 − 72x4x8x2

9 + 36x2
4x9
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The Poisson manifold (Fn, πn)—Cont’d

{x9, {x1, x5}}
= −36x3x2

5x3
6x3

7x3
8x2

9 + 108x3x4x5x2
6x3

7x3
8x2

9 + 108x3x2
4x6x3

7x3
8x2

9

+ 108x3x2
5x3

6x2
7x2

8x2
9 − 108x3x2

5x2
6x2

7x3
8x2

9 − 324x3x4x5x2
6x2

7x2
8x2

9

+ 216x3x4x5x6x2
7x3

8x2
9 + 36x2x3x3

7x3
8x2

9 − 324x3x2
4x6x2

7x2
8x2

9

+ 108x3x2
4x2

7x3
8x2

9 − 108x3x2
5x3

6x7x8x2
9 + 216x3x2

5x2
6x7x2

8x2
9

− 108x3x2
5x6x7x3

8x2
9 + 72x4x6x3

7x3
8x2

9 + 324x3x4x5x2
6x7x8x2

9

− 432x3x4x5x6x7x2
8x2

9 + 108x3x4x5x7x3
8x2

9 − 108x2x3x2
7x2

8x2
9

+ 324x3x2
4x6x7x8x2

9 − 216x3x2
4x7x2

8x2
9 + 36x3x2

5x3
6x2

9 − 108x3x2
5x2

6x8x2
9

+ 108x3x2
5x6x2

8x2
9 − 36x3x2

5x3
8x2

9 − 216x4x6x2
7x2

8x2
9 + 72x4x2

7x3
8x2

9

− 108x3x4x5x2
6x2

9 + 216x3x4x5x6x8x2
9 − 108x3x4x5x2

8x2
9

+ 108x2x3x7x8x2
9 − 216x3x2

4x5x6x9 − 108x3x2
4x6x2

9 + 108x3x2
4x8x2

9

+ 216x4x6x7x8x2
9 − 144x4x7x2

8x2
9 − 72x3x3

4x9 − 72x2x3x5x9

− 36x2x3x2
9 − 72x4x5x6x9 − 72x4x6x2

9 + 72x4x8x2
9 − 36x2
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The Poisson manifold (Fn, πn)—Cont’d

{x5, {x9, x1}}
= 72x3x5x3

6x6
7x6

8x3
9 − 216x3x4x2

6x6
7x6

8x3
9 − 432x3x5x3

6x5
7x5

8x3
9

+ 216x3x5x2
6x5

7x6
8x3

9 + 1296x3x4x2
6x5

7x5
8x3

9 − 432x3x4x6x5
7x6

8x3
9

− 72x2
6x6

7x6
8x3

9 + 1080x3x5x3
6x4

7x4
8x3

9 − 1080x3x5x2
6x4

7x5
8x3

9

+ 216x3x5x6x4
7x6

8x3
9 − 3240x3x4x2

6x4
7x4

8x3
9 + 2160x3x4x6x4

7x5
8x3

9

− 216x3x4x4
7x6

8x3
9 + 432x2

6x5
7x5

8x3
9 − 144x6x5

7x6
8x3

9

− 1440x3x5x3
6x3

7x3
8x3

9 + 2160x3x5x2
6x3

7x4
8x3

9 − 864x3x5x6x3
7x5

8x3
9

+ 72x3x5x3
7x6

8x3
9 + 4320x3x4x2

6x3
7x3

8x3
9 − 4320x3x4x6x3

7x4
8x3

9

+ 864x3x4x3
7x5

8x3
9 − 1080x2

6x4
7x4

8x3
9 + 720x6x4

7x5
8x3

9 − 72x4
7x6

8x3
9

+ 108x3x2
4x6x3

7x3
8x2

9 + 1080x3x5x3
6x2

7x2
8x3

9 − 2160x3x5x2
6x2

7x3
8x3

9

+ 1296x3x5x6x2
7x4

8x3
9 − 216x3x5x2

7x5
8x3

9 − 3240x3x4x2
6x2

7x2
8x3

9

+ 4320x3x4x6x2
7x3

8x3
9 − 1296x3x4x2

7x4
8x3

9 + 36x5x2
6x3

7x3
8x2

9

+ 1440x2
6x3

7x3
8x3

9 − 1440x6x3
7x4

8x3
9 + 288x3

7x5
8x3

9 + 36x2x3x3
7x3

8x2
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The Poisson manifold (Fn, πn)—Cont’d

− 324x3x2
4x6x2

7x2
8x2

9 − 432x3x5x3
6x7x8x3

9 + 1080x3x5x2
6x7x2

8x3
9

− 864x3x5x6x7x3
8x3

9 + 216x3x5x7x4
8x3

9 + 72x4x6x3
7x3

8x2
9

+ 1296x3x4x2
6x7x8x3

9 − 2160x3x4x6x7x2
8x3

9 + 864x3x4x7x3
8x3

9

− 108x5x2
6x2

7x2
8x2

9 + 72x5x6x2
7x3

8x2
9 − 1080x2

6x2
7x2

8x3
9

+ 1440x6x2
7x3

8x3
9 − 432x2

7x4
8x3

9 − 108x2x3x2
7x2

8x2
9 + 324x3x2

4x6x7x8x2
9

+ 72x3x5x3
6x3

9 − 216x3x5x2
6x8x3

9 + 216x3x5x6x2
8x3

9 − 72x3x5x3
8x3

9

− 216x4x6x2
7x2

8x2
9 − 216x3x4x2

6x3
9 + 432x3x4x6x8x3

9 − 216x3x4x2
8x3

9

+ 108x5x2
6x7x8x2

9 − 144x5x6x7x2
8x2

9 + 36x5x7x3
8x2

9 + 432x2
6x7x8x3

9

− 720x6x7x2
8x3

9 + 288x7x3
8x3

9 + 108x2x3x7x8x2
9 + 108x3x2

4x5x6x9

− 108x3x2
4x6x2

9 + 216x4x6x7x8x2
9 + 36x3x3

4x9 − 36x5x2
6x2

9 + 72x5x6x8x2
9

− 36x5x2
8x2

9 − 72x2
6x3

9 + 144x6x8x3
9 − 72x2

8x3
9 − 36x2x3x2

9 − 72x4x6x2
9 .

One has

{x1, {x5, x9}}+ {x9, {x1, x5}}+ {x5, {x9, x1}} = 0. 32 / 20


	Review on Lie bialgebras and Poisson Lie groups
	Three constructions of Poisson structures
	A Class of Examples
	A Specific Example

