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• In 2008, D. Berman came to Conference on 
Noncommutative geometry at Zushi and 
gave an exciting talk on Bagger-Lambert 
theory on mutiple M2 branes

• This talk is triggered by his talk and I really 
appreciate him and organizers to give me 
such opportunity
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Introduction
basics of M-theory
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M-theory
• M-theory is yet mysterious theory which unifies 5 superstring 

theory in 11d

• It consists of two types of branes, M2 and M5 which are dual to 
each other: by dimensional reduction they reproduce various 
branes in superstring: F1, NS5, Dp.  So M-branes should have 
some unifying properties of branes of string theory.

• M-theory has no tunable parameters. In this sense, it describes 
strongly coupled system

• Construction of field theory on multiple M-branes (especially 
M5) is still the biggest challenge in string theory
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D-brane in string theory

• multiple D-brane is described by U(N) SUSY gauge 
theory which is dimensionally reduced from 10d

• gauge symmetry is described by Lie algebra defined 
by commutation relation

• There are O(N2) dof which represents two ends of 
open string

[T a, T b] = fab
cT

c
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Strange statistics of M-brane

• DOF for N particles or F1 is O(N)

• DOF for N D-brane is O(N2) -- described by U(N) 
group

• DOF for N M2-brane is O(N3/2)

• DOF for N M5-brane is O(N3)

• What is the symmetry behind this?

AdS/CFT, 
anomaly cancellation
scattering of scalar field

= internal degree of freedom
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Nambu bracket

2010年11月12日金曜日



Generalization of Poisson bracket
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Time development is described by two Hamiltonians H, K

Nambu-Poisson bracket
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Description of Symmetry by 
Nambu bracket
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Generalization of Lie algebra: Lie 3-algebra

generalized gauge symmetry 

!"#"$%&'(# () *+,,"&$+ -+ ./

0%&$'1 23('44(# -$%56"&78 9'" %:;"-$%
.%,-< -$%56"& 8 9'" = %:;"-$%

!!"# !$" # %&"$
'!

' !!"# !$# !'" # %&"$'
(!

(

)* # +"$,%!!"#*" )* # -"$$,%!!"# !$#*"

!%<;" 4+,,"&$+ ;"#"$%&"> -+ .%,-< -$%56"&

0%&?",%&'5%: 5:%44')'5%&'(# () 9'" = %:;"-$%
@%4 #(& 6#(@# <#&': ABBC 4'#5" @" >'> #(& ?%D" 4&$(#; ,(&'D%&'(#EE

2010年11月12日金曜日



Fundamental identity
Generalization of Jacobi for Lie algebra
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It is necessary to generate symmetry
but difficult to implement!
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Quantization of Nambu bracket

• Matrix realization (Nambu, Curtright-Zachos)

• Cubic matrix (Kawamura...)

• String realization (Taktajhan, open membrane)

• Zariski quantization (Dito et. al.)

(A,B,C)ijk =
�

l

AljkBilkCijl, [A1, A2, A3] =
�

ijk

�ijk(AiAjAk)

[A1, A2, A3] =
�

ijk

�ijkAi ·Aj ·Ak

S =
1

3

�
d2σ�ijkX

i ∂X
j

∂τ

∂Xk

∂σ
+ · · ·

Many trials but difficult to satisfy FI
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BLG model
Bagger and Lambert 0711.0955
Gustavson 0709.1260 
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Field Content on M2

• 8 transverse directions: 8 scalar fields

• 8 fermion

• No gauge field degree of freedom : should 
be described by TFT: Chern-Simons Field

J. Schwarz
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N=8 SUSY, No tunable parameters, CFT

2010年11月12日金曜日



Recipe of BLG model

BLG

Lie 3 algebra 
with FI

Positive 
Invariant metric
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Generation of huge 
variety of models in 3D ?
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No go theorem
There is only one finite dim., 
3-algebra with positive definite metric
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Sadly only one model is produced from BLG framework 
which describes two M2 branes on orbifolds

2010年11月12日金曜日



BLG accepts imperfect 3-
algebra after some cook!

BLG

ABJM Giving up anti-symmetry
models with less SUSY
matrix realization

[A,B;C] = ABtC − CBtA

Lorentzian
Lie 3

Nambu 
Poisson

N=6 SUSY

Giving up positivity
Needs Higgs mechanism

Giving up finite dimension
Higher dim branes = M5
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Lorentzian metric 
3-algebra
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Introducing of more (u,v) pairs!" #$%$&'()*'+),%- ,.
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Solutions of FI
Solution for non-zero F :  Nambu Poisson & A4

For A4, no nontrivial solution for f, J, K, L
For Nambu Poisson: nontrivial extension 
                                              we will see it later

Solution with F=0 : Classification of Lorenzian Lie algebra
f should be str. const of Lie algebra
J describes (outer) automorphism
nontrivial solutions are given by loop algebra
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where T i denotes a generator of the U(N) gauge group, and Zi are noncom-
mutative algebraic elements satisfying

ZiZj = eiθ′ijZjZi. (215)

The parameter θ′ is in general not the same as the noncommutative param-
eter θ of the noncommutative torus T d

θ , and it depends on the rank of the
gauge group and its twisting. Zi maps a section of the twisted bundle to
another section. For the trivial bundle, Zi = eixi and (214) reduces to (213).
The case of d = 2 was studied in [26,27]. It is straightforward to generalize
it to arbitrary dimensions.

Since the structure constant (211) of g0 has the property

f (i"l)(j "m)(k"n) ∝ δ
"l+"m+"n
"0

. (216)

g0 has derivations

J (i"m)(j"n)
0a = maδ

(i"m)(j"n). (217)

Now we consider the 3-algebra with the underlying Lie algebra g = g0

and Ia"=0’s empty. We take Jab = 0 if a, b "= 0, and J0a given by (217). It
follows that the first 3 terms in (82) vanish, hence

K(i"m)
abc = δi

0δ
"m
"0

Cabc, (218)

assuming that T 0 is the identity of U(N), so that T (0"0) is the identity of g0.
In the following we choose

Ki"m
0ab = δi

0δ
"m
"0

Cab, (219)

Ki"m
abc = 0, otherwise. (220)

It will be shown below that the constants Cab corresponds to a nontrivial
gauge field background.

The 3-algebra is defined by the 3-brackets

[u0, ua, ub] = CabT
0
"0

+ L0abcv
c, (221)

[u0, ua, T
i
"m] = maT

i
"m − δi

0δ
"0
"mCabv

b, (222)

[u0, T
i
"m, T j

"n] = mag
ij
"mδ

"0
"m+"nva + f ijk

"m"nT k
"m+"n, (223)

[T i
"l
, T j

"m, T k
"n ] = −f ijk

"l"m
δ
"0
"l+"m+"n

v0, (224)

31
C field reflect the effect of noncommutativity
Lie algebra part is given by

More general d-loop 3-algebra

where a, b, c = 0, 1, 2, · · · , d and i, j, k = 1, 2, · · · , N . (Note that we have
changed the range of indices a, b, c from the convention used above.)

This 3-algebra is actually precisely the Lorentzian algebra discovered
in [14,16,24] constructed from the (multiple) loop algebra defined by

[ua, ub] = CabT
0
!0

+ L0abcv
c, (225)

[ua, T
i
!m] = maT

i
!m − Ki

0abv
b, (226)

[T i
!m, T j

!n] = mag
ijδ

!0
!m+!nva + f ij

!m!nkT
k
!m+!n, (227)

[va, T i
!m] = 0, (228)

where (a, b = 1, · · · , d). In the sense that one can construct the 3-algebra
(221)–(224) from a Lie algebra by adjoining two elements (u0, v0), this 3-
algebra is not a good representative of the new class of 3-algebras defined
in (90)–(99). However, it is still a good example because it demonstrates
the roles played by the new parameters Jab and Kabc, which encode the
information about derivatives of the Lie algebra g, which is a subalgebra of
the loop algebra (225)–(228).

It follows from the result of [16] that the BLG model with the Lie 3-
algebra (221)–(224) is exactly equivalent to the SYM theory defined with
the Lie algebra (225)–(228). In §5.1, we showed explicitly that for d = 1
the resulting SYM theory is the low energy theory for D3-branes. Now we
briefly sketch the derivation for generic d to obtain the SYM theory for
D(d + 2)-branes.

Expanding the fields in the BLG model, we have

XI =
d

∑

a=0

XI
aua + X̂I(Z) + Y I

a va, (229)

Ψ =
d

∑

a=0

Ψaua + Ψ̂(Z) + Φava, (230)

Aµ =
1

2

d
∑

a,b=0

Aµabua ∧ ub +
d

∑

a=0

ua ∧ Âµa(Z) +
d

∑

a=0

va ∧ Â′
µa(Z)

+
1

2

d
∑

a,b=0

A′
µabv

a ∧ vb +
1

2

∑

ij

Aµ(i!m)(j!n)T
i
!m ∧ T j

!n, (231)

where we have used (214) and the notation

X̂I(Z) :=
∑

!m

XI
(i!m)T

iZm1 · · ·Zmd , (232)

32
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Implication to M-theory
Introduction of (d+1)-pairs of Lorentzian generators
M2 → D2 → D(d+2)
Each of Lorentzian pair compactification on S1

               Compactification of M-theory on Td+1

3-algebra automorphism (approximately) represent
(part of ) U-duality transformation SL(d+1,Z)

Complete U-duality group

SL(d + 1,Z) part of the U-duality transformation is described by the change of

the basis as (3) where Λ ∈ SL(d+1,Z). We note that U-duality group is give by a

product SL(d + 1;Z) !" O(d, d;Z) =: Ed+1(d+1)(Z), where the symbol !" denotes

the group generated by the two non-commuting subgroups (see, for example, a

review article [16]). The O(d, d;Z) part represents the T-duality symmetry. In

our formulation, it is realized by the T-duality relation by Taylor [17].

Actually, for d > 1, the moduli parameters obtained from Higgs VEV’s #λA are

not enough to realize full U-duality group. The description of U-duality covariant

parameters for super Yang-Mills system is given in the context of BFSS matrix

theory [18, 19]. One of such missing parameters is the NS-NS 2-form flux. We

know already that this parameter can be included in the theory by the redefinition

of the 3-algebra [1]. As d getting larger, we need more R-R flux also. We give

some argument that these extra parameters will be obtained by changing 3-

algebra further, possibly by including contributions of Nambu-Poisson algebra

as [5].

2 Dp-brane action from BLG model with moduli pa-

rameters

In this section, we perform more detailed analysis of L-BLG model which is

described in §5 of [1]. The novelty of the following analysis is to introduce

general VEV’s for the ghost fields which gives rise to the nontrivial metric for

the torus T d and an extra coupling constants which are related with some R-R

flux on Dp-brane. The action after Higgs mechanism is summarized in §2.5. We

give also more careful explanation of the compactification mechanism and the

geometry of the Dp-brane worldvolume.

3

3.2 U-duality for d > 1

We consider M-theory compactified on T d+1 (where d = p− 2). This theory has

U-duality group Ed+1(Z) and scalars taking values in Ed+1/Hd+1 where Hd+1 is

the maximal compact subgroup of Ed+1. See, for example, [18] for detail. We

call the space of these scalars ‘parameter space’ in the following.

In this subsection, we compare the parameters obtained from L-BLG model

with that in the parameter space. We can extract various parameters on Dp-

brane from the action obtained in §2.5 which are all determined by the Higgs

VEV’s !λA. The first one is the Yang-Mills coupling :

g2
Y M =

(2π)dG00

√
g

, g := det gab . (86)

Secondly, the metric

gab = G00Gab − G0aG0b (87)

gives the moduli of the torus T d. Finally, LFF gives a generalization of θ term

for d = 1 case. Since the θ term may be regarded as the axion coupling, a natural

generalization for general d is the R-R field C(d−1), which appears in the Dp-brane

Lagrangian of string theory like as C(d−1) ∧ F ∧ F . Such term was discussed in

the literature, for example, in [18].

In our set-up in §2, the existence of such coupling C∧F∧F can be understood

as follows. There the compactification of the M-direction was determined by
!λ0 and we took T-duality on T d specified by {!λa} = {!λ1, · · · ,!λd}. If G0a =
!λ0 · !λa $= 0, we obtain the non-zero C(0) field, after the compactification of M-

direction and the T-duality transformation along only ya. After taking T-duality

in the remaining d − 1 directions on T d too, we obtain the nonzero C(d−1) field

whose nonvanishing component is C1···â···d , where the index with ˆ should be

erased. This compontent of R-R field must interact with gauge fields on D-brane

as εµνλ1···dC1···â···dFµνFλa. In our action (68), LFF describes this coupling. It

determines the components of C(d−1) as

Câ := C1···â···d =
1

4(2π)d(d − 1)!

G0a

G00

√
g

√
gaa

, (88)

where no sum is taken on a.

The number of parameters thus obtained is 1 + d(d+1)
2 + d = (d+1)(d+2)

2 which

coincides with the number of metric GAB = !λA · !λB . As is d = 1 case, it is

natural to guess the SL(d + 1,Z) transformation

!λ′A = ΛA
B

!λB , ΛA
B ∈ SL(d + 1,Z) , (89)

17

↔ e�
A
= ΛA

Be
B
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Nambu-Poisson and M5
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Nambu-Poisson as Lie 3
Nambu-Poisson bracket on T3

to search for further nontrivial examples of 3-algebras [8–11]. It was conjectured in [10] that there

exists no other example of finite dimension with a positive definite metric. This was finally proved

in [11, 12] very recently.

When the constraints (1) D is finite and/or (2) hab is positive definite are replaced by milder

constraints, there are many varieties of 3-algebras which satisfy the fundamental identity (see for

example [10, 13]). In particular in [10], we commented that for any manifolds with Nambu-Poisson

structure [14–18], one can define D = ∞ positive-definite Lie 3-algebra.

The BLG theory has gained a lot of attention very recently [19]. In this paper, we examine the BLG

theory with D = ∞ Lie 3-algebras based on 3 manifolds N with Nambu-Poisson structures. We will

show that the field theory on the membrane world volume M can be rewritten as field theory on a 6

dimensional manifold M×N whose bosonic components consist of the self-dual gauge field on M×N

and scalar fields which define the embedding. As this is the field content of an M5 brane [20, 21], we

interpret it as a model of M5-brane constructed out of infinitely many M2-branes. We note that this

problem was considered in Basu and Harvey [22] in the context of the generalized Nahm equation.

Our result will provide a new prospective to this problem.

2 Nambu-Poisson manifold and Lie 3-algebra

We consider 3 dimensional manifolds N equipped with the Nambu-Poisson brackets. The Nambu-

Poisson bracket is a multi-linear map from C(N )⊗3 to C(N ) defined as

{f1, f2, f3} =
∑

µ̇,ν̇,λ̇

Pµ̇ν̇λ̇(y)∂µ̇f1∂ν̇f2∂λ̇f3, (10)

where Pµ̇,ν̇,λ̇ is an anti-symmetric tensor. We use the coordinate yµ̇ (µ̇ = 1, 2, 3) to parametrize N .

The Nambu-Poisson bracket needs to satisfy the fundamental identity,

{g, h, {f1, f2, f3}} = {{g, h, f1}, f2, f3} + {f1, {g, h, f2}, f3} + {f1, f2, {g, h, f3}}. (11)

which gives severe constraints on Pµ̇,ν̇,λ̇(y) (see for example [18]).

The simplest possible Nambu-Poisson bracket is the Jacobian determinant for 3 variables yµ̇(µ̇ =

1, 2, 3)

{f1, f2, f3} =
∑

µ̇,ν̇,λ̇

εµ̇ν̇λ̇∂µ̇f1∂ν̇f2∂λ̇f3. (12)

This is the classical Nambu bracket. In general, it is known that a consistent Nambu bracket reduces

to this Jacobian form locally by the change of local coordinates [17]. So we will use it in the following

for simplicity.

Nambu-Poisson bracket may be regarded as the definition of Lie 3-algebra in the infinite dimensional

space C(N ). We write the basis of C(N ) as χa(y) (a = 1, 2, · · · ,∞). We define the Lie 3-algebra

structure constant by Nambu-Poisson bracket

{

χa, χb, χc
}

:=
∑

µ̇ν̇λ̇

εµ̇ν̇λ̇∂µ̇χa∂ν̇χb∂λ̇χc =
∑

d

fabc
dχ

d(y). (13)

We write the inner product as integration

(χ, φ) =

∫

N

dpy µ(y)χ(y)φ(y). (14)

2

The measure factor µ is chosen such that the inner product is invariant under the Nambu-Poisson

bracket, namely

({f1, f2, χ} , φ) + (χ, {f1, f2, φ}) = 0 . (15)

The inner product between the basis elements hab = (χa, χb) is called metric. We choose the dual

set of basis χa(Y ) in C(N ) such that (χa, χb) = δa
b . We write (χa, χb) = hab and

∑

b habhbc = δa
c .

The indices of the structure constant can be changed by contraction of the metric. In particular,
∑

e haef bcd
e = f bcda defines a totally anti-symmetric 4-tensor. In order to have finite metric, we need

to restrict N to a compact manifold. One may, of course, discuss noncompact manifolds by appropriate

limits of the compact spaces.

2.1 Examples

Since we will analyze only the quadratic terms of the Lagrangian, the detail the 3-algebra will not be

so relevant. However, since it is of some interest to see the algebra itself explicitly, we present a few

examples where explicit computation is possible. It will be useful to proceed to analyze the higher

order terms in the future.

2.1.1 T 3 and R3

The simplest example of infinite dimensional 3-algebra is given by T 3 with radius R. The basis of

functions are parametrized by $n ∈ Z3 as (if we take µ = (2πR)−3)

χ!n($y) = exp(2πi$n · $y/R) , χ!n($y) = exp(−2πi$n · $y/R) . (16)

The metric and the structure constants are given by

h!n1!n2 = δ($n1 + $n2), (17)

f!n1!n2!n3

!n4
= (2πi/R)3$n1 · ($n2 × $n3)δ($n1 + $n2 + $n3 − $n4) , (18)

f!n1!n2!n3,!n4 = (2πi/R)3$n1 · ($n2 × $n3)δ($n1 + $n2 + $n3 + $n4) . (19)

If we take R → ∞, we obtain the Lie 3-algebra associated with R3. The label for the basis becomes

continuous and the metric becomes the delta function.

2.1.2 S3

We introduce four variables y1, · · · , y4 and the Nambu-Poisson bracket defined by

P = −y1∂2 ∧ ∂3 ∧ ∂4 + y2∂1 ∧ ∂3 ∧ ∂4 − y3∂1 ∧ ∂2 ∧ ∂4 + y4∂1 ∧ ∂2 ∧ ∂3 . (20)

If we restrict C(N ) to the linear functions of yi, it agrees with A4. We impose a constraint φ(y) :=

y2
1 +y2

2 +y2
3+y2

4−1 = 0 in R4 which defines S3. This restriction is compatible with the Nambu-Poisson

bracket in a sense {φ(y)f1(y), f2(y), f3(y)} |φ(y)=0 = 0 for any fi(y).

Square integrable functions on S3 are given by combinations of yn1

1 yn2

3 yn3

3 yn4

4 . By the constraint,

whenever powers of y4 higher than 2 appears, we can reduce it to zero and one. Therefore the basis

of functions are given as

T!n = yn1

1 yn2

2 yn3

3 , S!n = yn1

1 yn2

2 yn3

3 y4 , (ni ≥ 0) . (21)

3

The measure factor µ is chosen such that the inner product is invariant under the Nambu-Poisson

bracket, namely

({f1, f2, χ} , φ) + (χ, {f1, f2, φ}) = 0 . (15)

The inner product between the basis elements hab = (χa, χb) is called metric. We choose the dual

set of basis χa(Y ) in C(N ) such that (χa, χb) = δa
b . We write (χa, χb) = hab and

∑

b habhbc = δa
c .

The indices of the structure constant can be changed by contraction of the metric. In particular,
∑

e haef bcd
e = f bcda defines a totally anti-symmetric 4-tensor. In order to have finite metric, we need

to restrict N to a compact manifold. One may, of course, discuss noncompact manifolds by appropriate

limits of the compact spaces.

2.1 Examples

Since we will analyze only the quadratic terms of the Lagrangian, the detail the 3-algebra will not be

so relevant. However, since it is of some interest to see the algebra itself explicitly, we present a few

examples where explicit computation is possible. It will be useful to proceed to analyze the higher

order terms in the future.

2.1.1 T 3 and R3

The simplest example of infinite dimensional 3-algebra is given by T 3 with radius R. The basis of

functions are parametrized by $n ∈ Z3 as (if we take µ = (2πR)−3)

χ!n($y) = exp(2πi$n · $y/R) , χ!n($y) = exp(−2πi$n · $y/R) . (16)

The metric and the structure constants are given by

h!n1!n2 = δ($n1 + $n2), (17)

f!n1!n2!n3

!n4
= (2πi/R)3$n1 · ($n2 × $n3)δ($n1 + $n2 + $n3 − $n4) , (18)

f!n1!n2!n3,!n4 = (2πi/R)3$n1 · ($n2 × $n3)δ($n1 + $n2 + $n3 + $n4) . (19)

If we take R → ∞, we obtain the Lie 3-algebra associated with R3. The label for the basis becomes

continuous and the metric becomes the delta function.

2.1.2 S3

We introduce four variables y1, · · · , y4 and the Nambu-Poisson bracket defined by

P = −y1∂2 ∧ ∂3 ∧ ∂4 + y2∂1 ∧ ∂3 ∧ ∂4 − y3∂1 ∧ ∂2 ∧ ∂4 + y4∂1 ∧ ∂2 ∧ ∂3 . (20)

If we restrict C(N ) to the linear functions of yi, it agrees with A4. We impose a constraint φ(y) :=

y2
1 +y2

2 +y2
3+y2

4−1 = 0 in R4 which defines S3. This restriction is compatible with the Nambu-Poisson

bracket in a sense {φ(y)f1(y), f2(y), f3(y)} |φ(y)=0 = 0 for any fi(y).

Square integrable functions on S3 are given by combinations of yn1

1 yn2

3 yn3

3 yn4

4 . By the constraint,

whenever powers of y4 higher than 2 appears, we can reduce it to zero and one. Therefore the basis

of functions are given as

T!n = yn1

1 yn2

2 yn3

3 , S!n = yn1

1 yn2

2 yn3

3 y4 , (ni ≥ 0) . (21)

3
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“Central extension” of NP
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Field theory on M5
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Truncated NP
Finite dim. version of Nambu Poisson

H : polynomials of xi (i = 1, 2, 3) with degree ≤ N

{f, g, h}N =

�
{f, g, h} if deg {f, g, h} ≤ N
0 otherwise

It satisfies FI!
Mutually commuting elements: function of two variables
Number of branes:  O(N2)
Number of dof :  O(N3)
Is this an explanation of O(N3/2) law?
Problem: hard to define the inner product!
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Toward multiple M5
cf: Lambert and Papageorgakis
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Construction of multiple M5 brane theory
          construction of non-abelian self-dual two form
          theory of nonabelian gerbe ?

Lambert and Papageorgakis tried to construct
such theory by considering SUSY transformation on M5

with Hµνλ A selfdual, are invariant under the six-dimensional (2, 0) supersymmetry trans-

formations

δXI
A = iε̄ΓIΨA

δΨA = ΓµΓIDµX
I
Aε+

1

3!

1

2
ΓµνλH

µνλ
A ε−

1

2
ΓλΓ

IJCλ
BX

I
CX

J
Df

CDB
Aε

δHµνλ A = 3iε̄Γ[µνDλ]ΨA + iε̄ΓIΓµνλκC
κ
BX

I
CΨDf

CDB
A

δÃ B
µ A = iε̄ΓµλC

λ
CΨDf

CDB
A (2.32)

δCµ
A = 0 , (2.33)

provided that fABC
D = f [ABC]

D obeys the fundamental identity: f [ABC
Ef

D]EF
G = 0.

The above are precisely the structure constants for the real 3-algebra of [1–4]. Fur-

thermore we need to endow the 3-algebra with an inner product Tr (TA, TB) = hAB with

which one can construct gauge-invariant quantities. This in turn implies that fABCD =

hDEfABC
E is antisymmetric in C,D and hence antisymmetric in all of A,B,C,D.

3 Relation to Five-Dimensional SYM

3-algebras can be classified according to the signature of the metric in group space. In

particular there is exactly one [21, 22] Euclidean four-dimensional 3-algebra, A4, as well as

an infinite set of Lorentzian 3-algebras [15–17]. In this section we move on to investigate the

vacuum solutions of our theory for these two possibilities, but one can also consider three-

algebras with more than one timelike directions [23–25]. For a recent review of 3-algebras

in physics see [26].

3.1 Lorentzian Case

The Lorentzian 3-algebras can be constructed e.g. as in [16] by starting with an ordinary

Lie algebra G and adding two lightlike generators T± such that A = +,−, a, b, ..., raising

the total dimension to dim(G) + 2. The structure constants are given by

f+ab
c = fab

c , fabc
− = fabc , (3.1)

with fab
c the structure constants of the Lie algebra G and all remaining components of

fABC
D vanishing. The metric is given by

hAB =

















0 −1 0 . . . 0

−1 0 0 . . . 0

0 0
...

... hG
0 0

















. (3.2)

7

 f should satisfy FI of Lie 3-algebra to make SUSY algebra consistent!
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Limitation

eom (= consistency condition of SUSY transformation)

One could try to introduce a field Bµν A such that Hµνλ A = 3D[µBνλ] A. This would

lead to the algebraic constraint

F̃[µν
B
ABλρ] B +

1

6
εµνλρστC

σ
BX

I
CD

τXI
Df

CDB
A +

i

12
εµνλρστC

σ
BΨ̄CΓ

τΨDf
CDB

A = 0 (2.27)

but this over-constrains the fields and hence there cannot exist a suitable Bµν A. We will

verify this in the next section.

2.5 Closure on ΨA

Finally we look at the closure on the fermions. Using the relations that we found above,

one gets

[δ1, δ2]ΨA = vµDµΨA + Λ̃B
AΨB

+
3i

4
(ε̄2Γσε1)Γ

σ(ΓµDµΨA +XI
CC

ν
BΓνΓ

IΨDf
CDB

A)

−
i

4
(ε̄2ΓσΓ

Kε1)Γ
σΓK(ΓµDµΨA +XI

CC
ν
BΓνΓ

IΨDf
CDB

A) . (2.28)

Here we achieve closure with the Fermion equation of motion

ΓµDµΨA +XI
CC

ν
BΓνΓ

IΨDf
CDB

A = 0 , (2.29)

which agrees with the condition (2.8) that we obtained from demanding that the selfduality

of Hµνλ A is preserved under supersymmetry.

We can also take a supersymmetry variation of the Fermion equation to obtain the

scalar equation of motion:

D2XI −
i

2
Ψ̄CC

ν
BΓνΓ

IΨDf
CDB

A − Cν
BCνGX

J
CX

J
EX

I
F f

EFG
Df

CDB
A = 0 . (2.30)

2.6 Summary

Let us summarise the results of our computation. The equations

0 = D2XI
A −

i

2
Ψ̄CC

ν
BΓνΓ

IΨDf
CDB

A −Cν
BCνGX

J
CX

J
EX

I
F f

EFG
Df

CDB
A

0 = D[µHνλρ] A +
1

4
εµνλρστC

σ
BX

I
CD

τXI
Df

CDB
A +

i

8
εµνλρστC

σ
BΨ̄CΓ

τΨDf
CDB

A

0 = ΓµDµΨA +XI
CC

ν
BΓνΓ

IΨDf
CDB

A

0 = F̃µν
B
A −Cλ

CHµνλ Df
CDB

A

0 = DµC
ν
A = Cµ

CC
ν
Df

BCD
A

0 = Cρ
CDρX

I
Df

CDB
A = Cρ

CDρΨDf
CDB

A = Cρ
CDρHµνλ Af

CDB
A , (2.31)

6

implies all fields are constant in the direction specified by C field
            could be identified with D4 brane system with non-
abelian symmetry
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Conclusion
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• We review BLG model where Nambu bracket (Lie 3-
algebra) plays a fundamental role

• We derived some explicit examples of Lie 3-algebra,  
particularly focus on central extension in 3-algebra 
and Nambu-Poisson bracket and its relation with 
toroidal compactification (with flux)

• BLG model associated with them can be identified 
with theory with (multiple) D-brane or (single) M5

• U-duality of M-theory can be identified with the 
automorphism of 3-algebra
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• Many issues still remain open

• Is our examples of Lie 3-algebra complete?  not likely

• Other branes: NS5, F1 how to derive them?

• BLG (or ABJM) model do not have Lorentz symmetry 
analog of DBI action? 

• theory on multiple M5 is still totally open

• The work by Lambert-Papageorgakis , however,  implies 
that Nambu bracket still plays essentially role
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