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® |n 2008, D. Berman came to Conference on
Noncommutative geometry at Zushi and
gave an exciting talk on Bagger-Lambert
theory on mutiple M2 branes

® This talk is triggered by his talk and | really
appreciate him and organizers to give me
such opportunity
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Introduction

basics of M-theory




M-theory

M-theory is yet mysterious theory which unifies 5 superstring
theory in | Id

It consists of two types of branes, M2 and M5 which are dual to
each other: by dimensional reduction they reproduce various
branes in superstring: FI, NS5, Dp. So M-branes should have
some unifying properties of branes of string theory.

M-theory has no tunable parameters. In this sense, it describes
strongly coupled system

Construction of field theory on multiple M-branes (especially
M5) is still the biggest challenge in string theory
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D-brane in string theory

® multiple D-brane is described by U(N) SUSY gauge
theory which is dimensionally reduced from 10d

® gauge symmetry is described by Lie algebra defined
by commutation relation

[Ta,Tb] — fabCTC

® There are O(N?) dof which represents two ends of
open string
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Strange statistics of M-brane

= internal degree of freedom

® DOF for N particles or Fl is O(N)
e DOF for N D-brane is O(N?) -- described by U(N)

group
e DOF for N M2-brane is O(N?*?) -
e DOF for N M5-brane is O(N3) EZ:tETiynga;fcsec”;gf fel

® What is the symmetry behind this!?
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Nambu bracket
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Generalization of Poisson bracket

a(f, g) o(f, g, h)

e =30 TXR

? {f> g>h} —

Nambu-Poisson bracket

Hamiltonian dynamics

o={H,o} - 0=1{H, K, o}

Time development is described by two Hamiltonians H, K
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Description of Symmetry by
Nambu bracket

Generalization of Lie algebra: Lie 3-algebra

T, TP = i< T¢ — [T, T°, T¢] = ifebe,T¢

generalized gauge symmetry

5D = Ag(X)[T?, @] = 5D = Ay, (x)[T?, T?, @]
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Fundamental identity

Generalization of Jacobi for Lie algebra

F1, F2,1Gy, Gy, G =1k, B, Grgy, Go, Gs)
+ {G1>{F1 y FZ) GZ} y G3} + {G1 y GZ> {F1 y FZ) G3}}

It is necessary to generate symmetry
but difficult to implement!
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Quantization of Nambu bracket

® Matrix realization (Nambu, Curtright-Zachos)
A1, Az, As] = ) €ijrdi - Aj - Ay

ik
® Cubic matrix (Kawamura...)

(A, B,C)ijk = Y AyjrBixCiji, [A1, A2, As] = ) eiju(AiA; Ay)
l ik
® String realization (Taktajhan, open membrane)

1 0XI 0X*
S 3 / ik or Oo

® /ariski quantization (Dit et.al)

Many trials but difficult to satisfy Fl
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BLG model

Bagger and Lambert 0711.0955
Gustavson 0709.1260
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Field Content on M2

® 8 transverse directions: 8 scalar fields

® 8 fermion

® No gauge field degree of freedom : should
be described by TFT: Chern-Simons Field

J. Schwarz
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BLG model

| i

L = —Z<D“XI, D X" + 2<\P, r.D*W)
+ %(‘P, My X5 X W) — V(X)) + Les
V(X) = 11—2<[X1,x1,x‘<], X X XKD
Les = %eum(fab(:dAuabavAAcd + %deagfefgbAuabAvchAef)

X'=XT*(I=1~8), ¥Y=VY,T°
(D XNa =0, X, — A caXy,

N=8 SUSY, No tunable parameters, CFT
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Recipe of BLG model

Lie 3 algebra N=8 maximal
with Fl SUSY

Positive
Invariant metric

([T T, T, T + (T, [T, T°, TY) =0

Generation of huge

variety of models in 3D ?
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No go theorem

There is only one finite dim,,
3-algebra with positive definite metric

As: % =€qpea, h% =0

HHM(1) Conjecture
Papadopoulos 0804.2662
Gauntlett & Gutowski 0804.3078

Sadly only one model is produced from BLG framework
which describes two M2 branes on orbifolds
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BLG accepts imperfect 3-
algebra after some cook!

ABJM

L orentzian
Lie 3

Nambu
Poisson

Giving up anti-symmetry
models with less SUSY
matrix realization

(A, B;C] = AB'C — CB'A
N=6 SUSY

Giving up positivity
Needs Higgs mechanism

Giving up finite dimension
Higher dim branes = M5
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Lorentzian metric
3-algebra
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Lorentzian metric 3-algebra

T generators of Lie algebra g, structure constant fijk

(u, ?}) : Lorentzian metric generators

[:I ' .TA.‘ TB] — O [’H-_. .T-i.‘ Tj} — fijk.Th.‘ {T? T} T‘EL] — _}-I'M.fwﬁ U,

(u,v) =1, (T, T7) = h"

Essential structure:

v: center of 3-algebra, u is not produced by 3-commutator

7

\.

g — |9)3

: @ map from arbitrary Lie algebra to 3-algebra

o

v,
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Component expansion
X' =X;T7 + X,u+ X,v

Ay =A T ANu+ A TINTE -

pik
X : “Higgs field” (Mukhi-Papageorgakis)

Xi . irrelevant (decoupled from others)

,/uij . auxiliary gauge field that is removed after Higgs
1 . : : : :
Am; Xj : gauge and scalar field which will survive after Higgs
(except for one component in X' which is absorbed to
gauge field)
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BLG Lagrangian in terms of components

1, SRV PP S S
L = <—§(DHXI — A X[ )+ S WD+ S, THAL
1= £ T4 1 SO S &Y 1 ST <
FUT XX ) 4 S (X)X X - S (X X))

Loy
+§EHI }\FJL_.:V*A;A> + L‘gh_-.

Ly - <z-)ﬁxt{ ALXT 4+ (0,X0)(0,X])) - %in,,rﬂ- aﬂqfu>

EOM for ghosts are free

a2 v I s
PXI =0, TrO,W, =0,
VEV for ghosts
XP=X=aol,, 0l =0

u
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Integrating out A’ : One component of X removed (M-direction)
New type of Higgs mechanism (Mukhi-Papageorgakis)

L= —§(DH,XI )

| PR

2 4 %irr“Dﬂ_xif

.

N I\ = . .
“ Xt XY e o X w) - 2

Relation with M-theory compactification on S*

AN=2TR.

Higgs VEV gives compactification radius

Decoupling of ghosts can be made exact by gauged version:
(Bandres et. al., Gomis et. al.)

Summary:

s

U

BLG with [g],

=)

-
Super Yang-Mills with g

J

Inclusion of Lorenzian generator triggers compactification
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Introducing of more (u,v) pairs

Positive norm generators  Lorentzian norm generators
et (i = 1.+, N) ta,va (a,b=1,---, M)

<€i‘ Ej) — a"ij : <'U-{1._~_ .?__jrh> — 5[1[5 .

fle BOD _ v: center, u is not produced by 3-commutators
Non-vanishing structure constant: / Important!
 ijkl Kl k k  rab J
i7kl __ gk aigk __ frigk abry _ 7l
\ f = F , f — Ja > f — Tab’ J

p
abct __ o1 abed __
k f — Dabes f o Lﬂbﬂﬂf } Here a,b means u, u,

S~

Useless
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Fundamental Identity becomes

F-ij kn F-nlm-p 4+ F-z'jﬁ-n. Fk-n.-m-p 4+ F-z'j-mn Fkln.-p o F:’«cimn F-i.jn.-p
Figknfnfm 4+ Fijfnfknm 4+ stmn f(iufn Fki-rn-rlféj-n. _ 0
fzjn.Fnk.Em i fzk.n.anim 4+ fi.inthnm o féanjMn _ 0
(L g+ fF R+ £ R + FET =0

]321 Lkl 4+ ]j' m Fimhf ]hgn priaml + ]EE?F"'—"-J? km _ 0.

a ab a @
( s.-mfmjk ]j'mfimk hm fzjm) stLmI L
“ab Je ab Jc Labe = Y

szkn ]n,i Fijin Jab - JcsjnJch Jcijﬂfﬁki _ 0

LI £ im pmjk 11 I tkmmn i
(az}f_jk—] ")+ (f?' Tt — i) = 0

be

fi_j' .-f;j-
ﬂbc f a,bd f —I_ ] cd j j ab — 0

a ca ab Yabe
(J2 gl g7t gl —Jﬂﬁ?‘) fIK! d_o

ki
]{If}flfdﬁ’ o ]be lacd T J Ilbcd T ] f abe — 0
171 Ejf 3}5 rf ajl _
f Ibr:*d_f d_l_f E}d_f E}C_O.*-

K abcﬁldef — K .-_’Ldeflbef + K acfﬁ‘bﬂfe o 1:.1[)]’] cde = = 0.

(fi.km ]m,s n fjf"»m ]ms fjk.m' -m.;.) + K™ Fukim _ 0,

— 0,
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Solutions of Fl

Solution for non-zero F : Nambu Poisson & A4
For A4, no nontrivial solution for f, J, K, L
For Nambu Poisson: nontrivial extension

we will see it later

Solution with F=0 : Classification of Lorenzian Lie algebra
f should be str. const of Lie algebra

| describes (outer) automorphism

nontrivial solutions are given by loop algebra
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d-loop algebra: L4 q may be possible to add B field

Ug,up] =0, |ug, T | = ;"nﬂTE

Tre

T Tj]—m V0500 i fY, T i

m’

It has d Lorentzian metric pairs: (1, fub)7 a=1---.,d

Lie 3-algebra version [L(d)g]g - add (u,, Vo)

iuﬂr Ug . 'H-b} = () ’

10, Ug. T | = ’mﬂT3

m
i T I — oy @S ' ¥

Ok Tﬁ:{ Tﬁ} — MgV om T+ '?f k m—kn
i g k) s rigk 0

_I}‘? TyﬁTﬁ,] = —if é@—l—?irl—l—?_iqL
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More general d-loop 3-algebra

[an Ug ub: — OabT(g’) + LOabcvca

U, Ug, T,,% = maTi — 585(1 C 0",
[uo,Tfﬁ,Té: = magjégﬁ =V +f”k 15 5
T T TR = = l%&k5l9+m+ﬁvo’

C field reflect the effect of noncommutativity
Lie algebra part is given by

7 0 C
[Uaa Up| = CabT()’ + LOach 9
U, Tf:% = mgTy — Kéabvbv
7 A 7
[Trr_n’a Tﬁ — Mgy jdm—|—nv =+ f" ‘*/-C m—|—n7
" Tn] = 0,
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Simplest example: Kac-Moody algebra

Example of Lorentzian metric Lie algebra : Kac-Moody algebra L)g

u, T =mT?,

m m’

1 b ab ¢ ab e
T?{n 1, ] mug" Opman +1f r‘Tﬂ?—l—ﬂ
=0,

v, ul = v, T

T

Metric
<Tﬂ Th> — ﬂbanﬁ—nr <"IL_."I.-‘> =1.

T’

Yang-Mills (with world volume X)

1 1 \2

L = ——(F,,.'")—-—(D, X" prx" + —(x!' x71.[x!. x/
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Component expansion

A,
XI
s

ApamyTE + B+ Cuu, | XTI Higgs field

I Ta 1 I
X(a..,-n)T:I—. + Ayu+ X0, Ou : flat connection of U(1) bundle
s (an) T+ Wv,u+ v,o.

Covariant derivative

(DHXI)(MI-) — (C)HXin T fbcﬂ- Z ‘4&(&”?’) XI N -TI:C”’X(I“'J”)

(c,n—m)
m

- I
+inA g m X2 = Fy (y: direction of X/)

- KK mass term
(D,.LLXI)H — ();LXi-_

Field strength

(F,u,v ) (a,n)

(F,uv )-u,

'S 4 i y be ; /
— ()Hflp(awﬂ} — ()1;14;.:(@,-11) 1 f a Z 14,(.:(3}.,-?‘71}*AIJ(G,-H,—?H-)

T

— (C),ucv — (C)If'c,u?.

201011 B12H<EEH



Role of Cﬂ

In the covariant derivative, it shows up as,
nO,u(Qj)(I)a,n(x) ———> icuay@a(zv,y)

It describes a U(1) gauge symmetry:

~S

O(z,y) — DN P(z,y)

It implies that the base manifold is not simply X x St but
U(1) bundle whose connection is given by C

St 5 X
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EOM
oMo, X =1ro,v, = 00,0, —0,0,) =0

Gauged version by adding extra gauge fields

Xi —_ CO].].STI. . }\"'6}9‘ -‘Iju —_ O_‘_ i:)j_bc;{; - (‘:)Vc}-_b —_ 0

Dimensional "Oxidation’ (or Taylor’s T-duality)

—inu/R ~ B
(r,y) ZX(& o (2 iny/ Aja(r,y) = Z Ao ()e iny/R
T

1 -~

)Ef(:r,y) B Xﬂw(x? ) .

After Higgs, the original action can be described as (d+1)-brane action

L[ dy D_lDXf 1
27TR Z( H ) +)\2 pya

| I=1
Compactification Radius R=1/\\

[ Super YM (LWg, X) €= Super YM(g, S > X) ]

flat S bundle
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Implication to M-theory

Introduction of (d+1)-pairs of Lorentzian generators

M2 — D2 — D(d+2)

Each of Lorentzian pair compactification on S
Compactification of M-theory on T9*!

3-algebra automorphism (approximately) represent
(part of ) U-duality transformation SL(d+1,Z)

— — A
NA=A LB o 7 = A%el

Complete U-duality group

201011 B12H<EEH



Nambu-Poisson and M5
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Nambu-Poisson as Lie 3

Nambu-Poisson bracket on T3

{f1, f2, f3} = Z €03 00 100 1205 f3.

0,17,

X" (7) = exp(2mifi - ¥/ R), xa(y) = exp(—2miii - §/R) .

BT = 577+ ),
fn1n2n3 (QWZ/R) n1 (712 X ﬁg)(S(ﬁl -+ ﬁg + ﬁg — ﬁ4)
fnann?’ M (QWZ/R) ni - (ﬁg X ﬁg)&(ﬁl + Mo + N3 + ﬁ4)
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“Central extension’”’ of NP

Lorentzian generator:

ut = y* ¢ O(T?)

frmb . — ({u“ X xm} Xg> = (270) 2 €apen’mES (7 + 1M + l),
Jum = ({u.a_.-u.b,_\ﬁ} XY = (210 ) eqpen©O (7t + 1m),
K jfr = ({u“, u®, -u.“'} _._\ﬁ) = €ape0(77).

Central extension of Nambu-Poisson by adding v? (a=1,2,3)

A o ] o LT :T n :rm‘.zf
ca i oom| qim L TLITL ,b
[H- }l _‘.\ _ J g_‘)i + ]{;r} U

ca b .n o n Nl ~1,,C
['EL U X o ']ab-;ﬁ.-)i o Aabcz’ )

~a b c| . - T

[u. T = KX
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Field theory on M5

M :original membrane worldvolume xH
N :3 dim mfd where NP structure is defined  y*

M M x N
XITe = Xlx(y) = X'(x,y)
Y T"=¥x"y) — ¥ixy)
AuarX*WX°(Y) = Aulxy,y)

Gauge field bi-local in Y oo
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Rewriting gauge fields :

Auabfabcd — Auab<{Xa>Xb>XC}>Xd>

K N
= €. 3 . -AL(X, VY, .
JN (A 3y oy v (%Y, ey O

ay,\-,Au(X>y>y/) :bu\'/(xay)
y’'=y

local field in 6d
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Division of transverse space

i=1~3 : identify with \/
[=1~8 <

1=1~5 : transverse direction of MbH

We put,
. . ] 3
XHx,y) =y "+ 5et "0.1(%,Y) X, is gives radius of T3.
Fields on M5
Xi>qj>buﬂ'/>bﬁn'/

Self-dual two form after field redefinition

it describes field theory on single M5
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Truncated NP

Finite dim. version of Nambu Poisson
H : polynomials of z; (¢ = 1,2,3) with degree < N

[f,9.h}y :{ éf,g,h} if deg {f,g.h} < N

otherwise

It satisfies Fl!

Mutually commuting elements: function of two variables
Number of branes: O(N?)

Number of dof : O(N?3)

Is this an explanation of O(N3*?2) law?

Problem: hard to define the inner product!
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Toward multiple M5

cf: Lambert and Papageorgakis
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Construction of multiple M5 brane theory
<«<—> construction of non-abelian self-dual two form
<«—> theory of nonabelian gerbe !

Lambert and Papageorgakis tried to construct
such theory by considering SUSY transformation on M5

&Xj = iEFI\IfA

11 5 1
6Ua = T'T'DuXhe + gaTunHY e — STAT ORXEXD FOPP e
(SH’LU/)\ A = SZEF[/M/D}\]\I}A -+ igF[FMV)\/iCEXé’\IijCDBA
(SAMBA — iEFMAOé'\I}DfCDBA
0Cy = 0,

f should satisfy Fl of Lie 3-algebra to make SUSY algebra consistent!
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Limitation

eom (= consistency condition of SUSY transformation)

0

o O O O O

DX} — SWcCRT, I U fOPP 4 — ChOL6XEXEXE D PP 4
Dy Hyg a4+ }mechéDTXéfCDBA b CHECTT U PP
I"D, W4 + XCCBF Mo fePhy

Fu" 4 = CEHun pf"" 4

D, C% = CLCH PP

CeDp XD PP 4 = CeD,Up PP 4 = CLD Hyn 4 PP 4

implies all fields are constant in the direction specified by C field
«—> could be identified with D4 brane system with non-
abelian symmetry

201011 B12H<EEH



Conclusion
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We review BLG model where Nambu bracket (Lie 3-
algebra) plays a fundamental role

We derived some explicit examples of Lie 3-algebra,
particularly focus on central extension in 3-algebra
and Nambu-Poisson bracket and its relation with
toroidal compactification (with flux)

BLG model associated with them can be identified
with theory with (multiple) D-brane or (single) M5

U-duality of M-theory can be identified with the
automorphism of 3-algebra
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Many issues still remain open
Is our examples of Lie 3-algebra complete? not likely
Other branes: NS5, FlI how to derive them!?

BLG (or ABJM) model do not have Lorentz symmetry
analog of DBI action?

theory on multiple M5 s still totally open

The work by Lambert-Papageorgakis , however, implies
that Nambu bracket still plays essentially role
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