On deformations of
bihamiltonian structures of

hydrodynamic type
Youjin Zhang

June 8, 2006 Tokyo



Joint works with Boris Dubrovin and Si-Qi Liu

1. Introduction

2. Deformations of Hamiltonian structures of
hydrodynamic type

3. Deformations of bihamiltonian structures of
hydrodynamic type

4. Examples and problems



1. Introduction

Consider a class of Poisson brackets defined
on the space of local functionals of the formal
loop space of M C R™. They have the form

{wi(2), 0 (1)} )
= g9 (w(@))8' (x — y) + T (w(z))wh 6(x — y)

det(g"” (w)) # O

Poisson bracket (Hamiltonian structure) of hy-
drodynamic type (B. Dubrovin, S.P. Novikov,
1983)



Theorem. (Dubrovin & Novikov, 1983)
The above formula defines a Poisson bracket
if and only if

(9i5) = (g")~1
defines a flat metric on M and
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Hamiltonian systems of hydrodynamic type

ow’
ot
with a Hamiltonian of the form

H = /h(w(a:))da:.

The system is called diagonalizable if there ex-

= V/(w)w} = {w'(z),H}, i=1,...,n

ist coordinates wl, ... w" such that
ow' : :
= \'(w)w’
ey (w)wy,

wl,...,w” are the Riemann invariants.



Theorem. (Novikov, Tsarév) A Diagonaliz-
able Hamiltonian system of hydrodynamic type
IS integrable

Integrability —= existence of symmetry
O’ aui B ,uk—,ui O\
0s owk Nk — \i gwk

Tsarev's algorithm of integration

= p*(w)wy,

z + tAY(w) — pt(w) = 0.

Generalized hodograph transform



Bihamiltonian structure of hydrodynamic type

A pair of compatible Poisson brackets of hy-
drodynamic type ({, }1,9{, }2)

{w'(2),w (¥)}a .
= g (w(@))8'(x — y) + Y (w(@)w 5(z — y)
a=1,2

It is called semisimple if
det(g?’[7 — )\97’2])

has n pairwise distinct real roots.



For a semisimple bihamiltonian structure, there
exist canonical coordinates w!, ..., u" satisfying

97 = F{(u)dij, g8 = u'f1(u)dy

A system of hydrodynamic type is called Bi-
hamiltonian if there exist a bihamiltonian struc-
ture of hydrodynamic type such that

wi = V}(w)w} = {w'(z), H1 }1 = {w'(z), Ha}o.

A system of hydrodynamic type with semisim-
ple bihamiltonian is diagonalizable.



The class of semisimple bihamiltonian structures of hy-
drodynamic type is characterized by the Lamé equation

OkYij = VikVkj» U, J, K distinct

Oivij + O5vji + Z Yeive; =0, 1#
k#i, j
plus the equations

, . 1 L
w'Oryiy + w0y 4+ Y uFkives + 5(%3‘ +7i) =0, 7]
k#i,
Here «;; are the rotation coefficients
’7@'(’&) L= Hz-_l(?iHj, 1 £ 7.
with the Lamé coefficients

Hi(u) = f (), i=1,...,n



The “Lax pair" (Ferapontov)
OiYy = vjivi, 1FJ

uf — )\ 1
8z‘¢i+Z’Yk:ii )\%-l-
k=i T

Reconstruction of the bihamiltonian structure from so-
lutions ~;;:

2 (ut — )\)wi =0

To solve Oroi = Yriok, t7£ Kk

To get a solution near a point ug such that

cbz-(uo);&O, i=l,...,n
then

gij = ¢; %5, géj = u'e; 25y

Depends on n? functions of one variable.



Examples of bihamiltonian structures of hydro-
dynamic type come from:

e dispersionless limits of some bihamiltonian
structures that are familiar in soliton theory

e 2d topological field theory

e Frobenius manifolds
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2d topological field theory

Genus expansion of the free energy

F=Fo+e?F +e*F+ ...

Here Fy; = Fy(t*P), i = 1,...,n, p > 0. The
genus zero two point correlation functions
_ 0%F
Vi = 5:1,094,0
give a solution of a hierarchy of bihamiltonian
systems of hydrodynamic type
c%i
Ot)P

= {vi(z),H;p}1 = {vi(z), Hj p—1}>

F(v) = Foly.0—yi ir>1—0
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Conjecturally, the full genera two point corre-
lation functions
O°F
Wi = 511,094i,0

satisfy certain hierarchy of bihamiltonian sys-
tem of the KdV type. The related bihamil-
tonian structures should be certain deforma-
tions of bihamiltonian structures of hydrody-
namic type.
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Known examples:

2d topological gravity and the KdV hierarchy
(Kontsevich-Witten)

cpl topological sigma model and the extended

Toda hierarchy (Getzler, Okounkov-Pandharipande,
Dubrovin-Z.)
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2. Deformations of Hamiltonian structures
of hydrodynamic type

For a given Poisson bracket of hydrodynamic
type with the flat metric (¢¥), we consider

{wi(2), v (y)} = g"(w) &' (@ —y) + T wk §(z—y)

E+1 .
£ S AT (i w®) 50D (g )
k>1  j=0

Here A’,ijl c Awith A= Cm(w)[wz‘,p]le and

degw'P = p, deg A;’g’l =, whP = 8§wi
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Miura type transformations

w' — QY(w) + > 5kP,i(w, Wy, . . . ,w(k)).
k>1

Here P! € A, deg P} =k, and det (%) # 0.

Problem:
Classify the equivalence classes of deforma-

tions of a given Poisson bracket of hydrody-
namic type under the Miura type transforma-
tions.
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Poisson cohomologies: infinite dimensional case

Local translation invariant k-vector field
3] A A 3]
awilysl(xl) 8wika3k(xk)

o = Z %881 o 8;?4212"

| T

The components of o« have the form

Pa,y...,Pr >0
x5 (x1 — x2) ... 6P (21 — )
Here
Bl e A
and the distribution A% are antisymmetric
with respect to the simultaneous permutations
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The operator of total derivative 0, is defined by
1 Of

Owhs’

Ouf ) = 3

s>0

The delta-function and its derivatives are defined for-
mally by

[ F@ @i v, @) w59 - ) dy
= 8§f(w(:v); wg(x), wee(x),...).

Note the useful identity
Fw(y); wy(y), wyy(y),...) M (z —y)

k
=0

m
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Denote

N - Space of local k-vectors

AO I=/f(w,wx,...)d:r;, feA

The Schouten-Nijenhuis bracket is defined on
the space of local multi-vectors

[, ]: AP x Al AR > 0.

It satisfies
[, B] = (—1)"[B, ]

(—1)"[[er, B],7] + (—1)"[[B,7], a]
+(_1)lm[[77a]aﬁ] =0
for a € Nk, g e AL, v e AN™.
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In particular, for two vector fields

: 0 : 0
= O3&" . , N = osn' :
§ S; v ow»s(x) g ngo z'l Ow»s(x)
the Schouten-Nijenhuis bracket is given by the

usual commutator

: 0
(€.l = ) 9:¢"

>0 OwhS(x)

with

c= ¥ (ot - ot 5 )

k,s
>0 ow

Poisson bivector a € A?:  [a,a] =0
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The natural gradation on the ring A
deguw™ =m, m>1, degf(u)=0

can be extended to a gradation on the space of local
multi-vectors by defining

0
deg—— = —s, degd® =s+1
awz,s

Denote
Ni, = {€ € N'|deg & = m}

A ={a e N*®@C[[e],e']|deg a = k}
A = @i
Here dege = —1.
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A Poisson bracket of hydrodynamic type cor-
responds to a Poisson bivector

wE/\%

Its deformations are Poisson bivectors of the
form

w + Z €kPk c /,\2
k>1

Consider the Poisson cohomologies of (A, @)

szKer8|7\k/Im8|7\k_1, kZO

HF = Dm>—1 €mHj%
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Theorem. Let M be a ball of R",

HF =0, m>1.

(E. Getzler; for k = 1,2 also by L. Degiovanni,
F. Magri, V. Sciacca)
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Corollary. For any Poisson bivector
w —|— Z €kpk
k>1
there exists a vector field
X = Z €ka e Al
k>1
such that
w + Z €kPk — ¢ 3y,

k>1

I.e., any deformation of a Hamiltonian structure of hy-
drodynamic type w can be obtained by a Miura type
transformation

w'— eXw' = w' + Z Pi(w, wy, . . . L wF))
k>1
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Example. The Magri bracket

1
{w(x),w(y)} = w(g;)(S’ + 5’6051;5 _ 2Mm
for the KdV equation

2 2
Wt — WWy — gg Wrxa-

The Miura transformation

Vx
w =v— ——

NG

reduces it to

(@), ()} = v(@) + s
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3. Deformations of bihamiltonian struc-
tures of hydrodynamic type

A bihamiltonian structure of hydrodynamic type
is given by a pair of bivectors wi, ws € A3 with

l[awws + b1, awy + bww1] = 0
for arbitrary parameters a,b.

Two differentials

Saa, f\k — //\k‘_l_l, E@ai — €[w61,, 5], a — 1, 2.

87 = 85 = 910 + 807 = 0.
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Define
QF = Ker (91| zx)
Then 0> defines a differential
edy 1 QF - QFT1

The cohomologies of the complex (£2,e05) give
the bihamiltonian cohomologies

Hp, = Ker(d1]50) N Ker(d2]50)
H,,%% = Ker(8182|/\%)

Hy, = Ker(alaﬂ/\[fn—l)/lm(al|/\k:—22) D Im(32|,\k:—22)
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For I € Ker(0102|x0 ), the triviality of the first
Poisson cohomology of wj ensures the exis-
tence of J € AQ such that 9,1 = 9;J.

So H%,L corresponds to the space of bihamil-
tonian vector fields

For X € Ker(0102/,1) we have an infinitesi-
mal deformation

(w1, w@2) — (w1, w2 + €01X)

So H,,% corresponds to the space of infinites-
imal deformations of the bihamiltonian struc-
ture modulo the trivial deformations caused by
Miura type transformations.
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Theorem. For asemisimple bihamiltonian struc-
ture of hydrodynamic type, we have H2 = O
form=1,3,4,... and

H% = {anl <81 /(uzcz(uz)uzx log ufb)daz
— 0> /(cz(uz)uzC log uzx)da:)}

Hereul, ... u™ are canonical coordinates of the
semisimple bihamiltonian structure, under these
coordinates, the related compatible flat met-
rics take the form

Z] = f (U)5zja gZJ —u f (u)57,j

(B. Dubrovin, S.Q. Liu, Z.)
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Any equivalence class of infinitesimal deforma-
tion of a semisimple bihamiltonian structure of

hydrodynamic type (wq,w>) has a unique rep-
resentative of the form

(w1, w@2) — (w1, +e8:X), X e H3

29



Corollary. For a given semisimple bihamiltonian
structure of hydrodynamic type, any equiva-
lence class of deformations is uniquely deter-
mined by a set of n functions of one variable

cr(ud), ..., en(u™)

Here ul,... ,u™ are the canonical coordinates
of the semisimple bihamiltonian structure of
hydrodynamic type.

The functions ¢ (ul),. .., en(u™) are called the

central invariants of the deformed bihamil-
tonian structure.
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Computation of the central invariants:
{ul (@), w (1) }a = g7 (u)d 4+ T ,ul o
2 3
+e) AP 8PP (@ —y)+2) B s (z—y)
k=0

k=0
4+0(e3), a=1,2

the central invariants are given by

1 N o Pki_ iPkiQ
ci(u) = ( o s il )

3(f1(u))? 2 PR (u) (b — )

1=1,...,n.
g =6, fi(u), g¥ = iulfi(u)

P (w) = A (u), Q¥ (w) = By, (u)
1,7=1,...,n,a=1,2.

31



If we choose another representative
{7}~1:C{7}2+d{7}17 {7}~2:a{7}2+b{7}1
ad —bc =0

of the above bihamiltonian structure, then the functions
c;(u) are changed to

~ o~ C’U,Z—|—d i .
ci(u)zad_bccz-(u), i=1,...,n.
where
T L .
cut + d

are the canonical coordinates of the bihamiltonian struc-

ture with respect to the new representative.
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4. Examples and problems

Example 1.

{w(z), w(y)}1 =8 (z—y)

(w(@), wy)lo = w@)'(z —y) + 5 wa 6z — y)

The second one is the Lie-Poisson bracket on
the dual of the Lie algebra of smooth vector
fileds on S1.

Bihamiltonian structure for the Riemann hier-
archy

o 1
= = wPlwz, p>0
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One deformation of the above bihamiltonian
structure

{w(z), w(y) 1 &' (z —y)

1
{w(z),wy)}e = w)d(z—y)+ 5 e 6(x —y)
22
_I__ 5///($ L y)
3
It is the Gardner, Zakharov & Faddeev; Magri
bihamiltonian structure for the KdV hierarchy,
in particular, the KdV equation.
1 .

The central invariant ¢1 = 53
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A second deformation of the above bihamil-
tonian structure of hydrodynamic type

2
(W@ uwh = d@-y -2 8"@ -y

(w(@),w@le = w@d @~ )+ 5w —y)

It gives the bihamiltonian structure of the Camassa-
Holm equation

52 82
W = MMy — memwx - 2_4mmxscac
82
w=m — gmm.
The central invariant c; = 57, u = w.
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More examples of bihamiltonian structures

We consider the semisimple bihamiltonian struc-
tures of hydrodynamic type, that are defined
on the formal loop space of the orbit spaces
of Coxeter groups of type Ap, B.Cn. These bi-
hamiltonian structures are induced by the flat
pencil of metrics discovered by Saito - Yano -
Sekiguchi in 1980. These flat pencil of met-
rics also induce polynomial Frobenius manifold
structures on these orbit spaces. We show that
the bihamiltonian structure obtained from the
Drinfeld-Sokolov construction are certain de-
formations of these semisimple bihamiltonian
structures of hydrodynamic type with constant
central invariants.
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i) The A, case, the first Poisson bracket of hydrody-
namic type is given by

> {w'(@), w (y)}ip !

i, j=1
1 [N =N o,
_n-l-ll pP—q o —v)
n (Ax(p) —Xal(q) A&(Q)) 5z — y)]
(p—q)? P—q

where

Ap,z) :=p" T+ ) wi(z)pt

=1

A(p) = Ap,x), Aq) = A(q,z)
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The second one have the expression

> {w'(@), v (Pl2p

i,j=1

1 N(P)A(q) — N(@)A(p) L v :
—n+4[( ) +n+rumxw05

n <>\m(p)>\(q) — Ae(@)A(p) n Az (@) N (p) — X, (¢)A(p)
(p — q)? pP—q

+5$wanu@)&m—w[
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A representative of the class of deformation of
the above bihamiltonian structure with central
invariants
n-+1
24
can be described in terms of the differential

operator

Cl:..._cn:

L= (e0:)" "1 4+ w™(2)(e8:)" L + - + wl(a).

For a local functional F define the pseudo-
differential operator

OF n
a 7
(5L 7,2 (5 :13)

OF

dw'(z)

39



Then we have the bihamiltonian structure
{F,G};, = —— -I— / ( )d:c 1 =1, 2.

The Hamiltonian mappings are defined by
Hi: A [L,A]_|_

Ho - A— (LA)+L — L(AL)+

1 xr
+n—|— 1 [L,/ res[L, A] da:] :

(Adler, Gelfand-Dickey)
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ii) For the semisimple bihamiltonian structures
that correspond to the Coxeter groups of type
Bn,Ch, Dy, the Drinfeld-Sokolov construction
from the affine Kac-Moody algebras qul), Cf,(ll), Df,(Ll)
gives the deformations that belong to the class
with central invariants

For By type: c1=¢, ca =+ =cn = 15
For C., t - — 1 P
or Cn Lype€. c¢1 = 57, 2 = — Cn = 13

=y =

For D, type: cq %

S
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iii) For any semisimple Frobenius manifold, there
IS associated to it a semisimple bihamiltonian
structure of hydrodynamic type. A construc-
tion of the so called topological deformation of
this bihamiltonian structure of hydrodynamic
type was proposed by Boris Dubrovin and Z.,
using properties of the Viasoro symmetries of
the associated hierarchy of integrable systems.
Such deformations have central invariants
1

=5

Cl1=c¢cy =" -=¢p
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To calculate H2, we need to use the following

Theorem. (B. Dubrovin, S.Q. Liu, Z.) Any deforma-
tion of a semisimple bihamiltonian structure of hydrody-
namic type is quasitrivial, i.e., it can be obtained from
its leading terms by a quasi-Miura transformation

w' — w' 4+ ZekA}‘;(w, Wa, .+ oy w )
k>1

' € C*(B) [wx, e ,w(mk)} [(u;‘cui e ug)_l}
3k -
my < [7], deg A}, =k

Corollary. Any two bihamiltonian systems w.r.t. a
same semisimple bihamiltonian structure mutually com-
mute.
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Examples of quasitriviality

The bihamiltonian structure for KdV

{w(z), w(y)} = ¢

1 2
(@), wi)le = w@) + Zund + 55"
is reduced to the leading terms

{v(z),v(y)hr =

(v(2),v(y)}2 = v(x)§ + %vxé

by a quasi-Miura transformation

e 5
= v+ —0; 10
w=v+20; d vy

(4) 7 3
4 a2 v VrxVxzx Vir
9 _
e (1152v§ 102003 | 360vg> +

This transformation coincides with the genus expansion

: : : _ 9*F, __O*F
in 2d topological gravity, v = 552, W= 5=
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The bihamiltonian structure for the camassa-Holm equa-
tion

2
{w(z),w(y)} =8 — %5"’
1
{w(z), w(y)}2 = w(x)d + Ew/(a:)cs
IS reduced to the leading terms

{v(z),v(y)} = ¢

{v(z),v(y)}2 = v(x)d + %fum&
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by a quasi-Miura transformation

w:v—l—eQ&;(vvm Um)

24y, 48

_I_(_:4ag3 7 /Ugac + v ,Uga: . Uz ,in . Vzzx
2880v, 180w3 90v2 512
59 U Vpg Viga 37 02 vgm Vppw T 02 vgm n 5vv®)
5760 v2 1920 v? 192003 = 1152w,
_31 V2 Uy v(%) 02 () ) n

5760 v3 + 115202
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Question: Given a semisimple bihamiltonian
structure of hydrodynamic type, and a set of

functions c1(ul), ..., en(u™), whether there ex-
ists a deformation with cq,...,c, as the central
invariants?

(sufficient condition: H3 = 0, m > 3)
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